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Abstract. When k < n, we study the coherent systems that come from a BGN extension in which the 
■ quotient bundle is strictly semistable. In this case we describe a stratification of the moduli space of coherent 

systems. We also describe the strata as complements of determinantal varieties and we prove that these 
are irreducible and smooth. These descriptions allow us to compute the Hodge polynomials of this moduli 
in some cases. In particular, we give explicit computations for the case in which n ~ k — 2. From these 
' computations one may obtain the usual Poincare polynomial when (n, d,k) = 1 and (n — k,d) = (2, d) / 1. 

< 

^ ■ 1. Introduction and statement of results 

A coherent system of type (n, d, k) on an algebraic curve X of genus g which is smooth and projective, 
consists of a pair {E, V) where E \s a, vector bundle on X of rank n and degree d and ^ is a subspace 
of dimension k of sections of E. Coherent systems were introduced by J. Le Potier |LePl| . and N. 
^ ■ Raghavendra and P. A. Vishwanath [RVJ . Among other things, the study of coherent systems is interesting 
. due to its relation to the Brill-Noether problem for higher rank and some results in this direction can 
be seen in |BG2] . Its relation to gauge theory, for instance the fact that the a-stability condition is 
equivalent to the existence of solutions to a certain set of gauge theoretic equations, one of which is 
Q^ ■ essentially the vortex equation (see |BG1] ) . Coherent systems are also a generalisation of linear series on 
^ . algebraic curves. 

\ For these objects there is a notion of stability that depends on a real parameter a. A coherent subsystem 
{E' , V') is a subbundle E' of E together with a subspace of sections V' C H^{X, E') n V . One defines the 
a-slope as fJ^a{E, ^) = :^ + o^- The coherent system is called ct-semistable (resp. a-stable) if the a-slope 
of every coherent subsystem is less than or equal to (resp. smaller than) the a-slope of the coherent 
system. 

Using the notion of a-(semi)stability, A. King and P. E. Newstead (see jKNj ) constructed a GIT quotient 
for these objects. They proved that for fixed n, d, k and a, there exists a projective scheme G{a; n, d, k) 
which is a coarse moduli space of a-semistable coherent systems of type (n, d, k). Let G(a; n, d, k) be the 
moduli space of a-stable coherent systems of the given type. 

In recent years these moduli spaces have been broadly studied by S. B. Bradlow, O. Garcia-Prada, 
V. Mercat, V. Muhoz and P. E. Newstead (see [BGMNj . [BGMMNj and |BGMMN2] ) for genus greater 
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than or equal to two, and by H. Lange and P. E. Newstead for genus zero and one (see |LN1] . |LN2| . 
p?3] and [LN4] 1. 

In this paper we deal with the cases in which g > 2, k < n and a "large". Under these hypotheses 
the moduli space GL{n,d,k) of a-stable coherent systems for "large" a is birationally equivalent to a 
Grassmannian fibration over A4{n — k, d) (see Proposition I4.5p . where A4{n, d) denotes the moduli space 
of stable bundles of rank n and degree d on X. This is given by the observation that a coherent system 
{E, V) of fixed type (n, d, k) corresponds to a certain extension of the form (BGN extension, see Definition 

SH) 

^ O®'' ^ E ^ F ^ 0. 

This is used in [BGMMNj to obtain some information on the geometry and the cohomology of these 
moduli spaces; in particular, some Betti numbers, fundamental groups and fiip loci are computed. 

However, there is not a good enough geometric description of these moduli spaces. The results in 
|BGMMN] do not cover fully the cases in which the coherent system comes from a BGN extension in which 
the quotient bundle F is strictly semistable. In this article we study these cases giving a stratification of 
these moduli spaces by looking at the quotient bundle F. We also study their Hodge polynomials. 

The layout of the paper is as follows. In Section 2 we introduce some general theory of extensions of 
vector bundles; Subsection 2.1 is a review of the results on extensions that can be found in [Muj . while 
Subsection 2.2 is a review of the theory described in [Lj of universal families of extensions. In Section 3 
we give a summary of the results and definitions about coherent systems that can be found in |BGMN] 
and [BGMMN]. 

In Section 4 we study the BGN extensions and we give the conditions that a BGN extension must 
satisfy in order to contradict a-stability (Theorem 14. 6p . In Section 5 we estimate the codimension of 
the variety of semistable vector bundles such that the coherent system that they induce is not a-stable 
(Theorem lS.ip . In Section 6 we study the sets that classify the quotient bundles that appear in the BGN 
extensions associated to our coherent systems. To do that, from the results in Section 4 we must look at 
the Jordan-Holder filtrations that are admitted by a given F. Then, we study the possible sets of these 
filtrations and we give geometric descriptions of them in terms of sequences of projective fibrations (see 
Proposition 16.51 for a general contruction). We also estimate the number of parameters on which these 
sets depend. This description will allow us in Section 7 to construct a stratification of the moduli space 
of coherent systems for n < k m some cases (Theorem 17. 2p . We also describe these strata as complements 
of determinantal varieties (Theorem 17. 5p and we prove that they are smooth and irreducible (Theorem 
I7.10p . We finish this paper studying the Hodge polynomials of these moduli spaces. We start Section 
8 by giving a review of Hodge theory and the relationship between Hodge-Deligne and Hodge-Poincare 
polynomials that we denote by Ti and HP respectively. For a complex algebraic variety X, not necessarily 
smooth, compact or irreducible, we define its Hodge-Deligne polynomial (or virtual Hodge polynomial) 
as 

n{X){u,v) = ^(-lf+%g(X)t.^'t-'? G Z[u,v], 

and its Hodge-Poincare polynomial as 

HP{X)iu,v) = ^(-lf+'?Xp,g(X)u?'i;'? = ^(-l)P+9+'=/iP'9(//'=(X))uPu«. 

Here the Euler characteristics that we consider, Xp q Xp,q respectively, are the sums of the dimensions of 
certain filtrations associated to the cohomology groups with compact support and to the usual cohomology 
groups for the Hodge-Deligne polynomials and the Hodge-Poincare polynomials respectively. We also 
introduce equivariant Hodge-Poincare polynomials and we study how to compute the Hodge-Poincare 
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polynomials of the strata in a general setup (see Theorem 18. 17p . We conclude the paper by giving explicit 
computations of the cases in which n — k = 2. These are the following. The Hodge-Deligne polynomial 
of the moduli space Gi^n, d, k) for (n — k,d) = (2, (i) = 1 is (see Theorem 18. 19p 

^(n I ^ ^ (^ ^ ^ ^9 (1 + u\)9{l + - U9v9{l + u)9{l + V)9 

n{GL{n, d, k)){u, v) =(1 + uYil + vY {1 - uv){l - u^v^) 

(1 - (n?j)2(9-l)+'^-'=+l) • .... (1 - {uv)^^9-l)+d^ 

(1 — uv) • . . . • (1 — (nu)*-') 

and when (n — k,d) = (2, d) 7^ 1 it is computed in Theorem 18.201 From the latter theorem one can obtain 
the usual Poincare polynomial of Giin, d, k) when (n, d,k) = 1 and (n — k,d) = (2, d) ^ 1 just by writing 
u = V. 

2. Some theory of vector bundles and their extensions 

2.1. General theory of extensions. In this subsection we introduce some general theory about exten- 
sions of vector bundles as well as a classification theorem. All these results are known and can be found 
for example in |Muj . 

Consider the following short exact sequence of vector bundles 

(,:O^M^E^L^O. (1) 

Tensoring with the dual bundle gives a short exact sequence 

^ ^om(L, M) ^ J^om{L, E) Snd{L) 0, (2) 

and its associated long exact sequence of vector spaces is 

^ Hom{L, M) Hom{L, E) End{L) 

H\jfom{L,M)) H^{jeom{L,E)) H^{Snd{L)) 0. 
Definition 2.1. The image under the coboundary map of id G End(L), which we will denote by 

^ = 6{id) G H\j^om{L, M)), 
is called the extension class of the exact sequence ([T]) . 

By construction, if ^ = 0, then there exists a homomorphism f : L ^ E for which the composition 

/ 

L — ^ E ^ L (where the second map is the surjection of ([T])) is the identity homomorphism of L. In 
other words, the sequence ([1]) splits. In particular, we have 

Proposition 2.2. If {J^om{L, M)) = 0, then every exact sequence (CP splits. 

Now, given vector bundles L and M, we will give a theorem that classifies the bundles E having M as 
a subbundle with quotient L. First of all 

Definition 2.3. 

(i) A short exact sequence 

O^M^E^L^O. 

is called an extension of L by M. 
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(ii) Two extensions ^ and ^' are equivalent if there exists an isomorphism of vector bundles / : 
E — s- E' and a commutative diagram: 

O^M^E^L—^0 

0^ M ^ E' ^ L^O 

Note that the extension class ^ defined in Definition 12.11 depends only on the equivalence class of the 
extension in this sense. We have the theorem 

Theorem 2.4. The assignment 

{extensions of L by M}/equivalence H^(Jifom{L, M)) 

given by (Definition \2. 1\) is a bijection. 

2.2. Universal families of extensions. Here we introduce some theory of universal families of exten- 
sions, the conditions for the existence of global universal families are given as well as the conditions for 
the existence of universal families in a "local" sense. All these results can be found in [L|. 

Let / : X ^ y be a flat projective morphism of noetherian schemes and ^ and coherent Ox- 
modules, flat over Y. Let Ext^{r^ be the vector space parametrizing the extensions of by ^ over 
X. 

In order to construct such universal families of extensions we need to introduce the ith relative Ext- 
sheaf. This relative sheaf is defined as ?f ) := R'^{f^J^omo^{^,»)){'^). It is easy to prove 

that: 

(i) is the sheaf associated to the presheaf 

U ^ Ext}_i(^)(^|j-l([7),S^j-l(t;)) 

on Y. 

(ii) If ^ is locally free 

We restrict ourselves to the case in which ^ is locally free. In this case, for every coherent sheaf on 
X and for every point y gY, the usual base change homomorphism 

T\y) : ^ Hy) ^ H\Xy,%) 

is the homomorphism 

ip\y) : <rx4(^,§f) ® k{y) ^ Ext^^{^y,%). (3) 

Moreover the "Cohomology and Base Change" theorem ([HL, III. §12. Theorem 12.11]) applied to ip^{y) 
tells us that if (p'^{y) is surjective then (i) there is a neighbourhood U oiy such that </J*(y') is an isomorphism 

of y. 



for all y' € U; and (ii) 99* ^(y) is surjective if and only if £'xt\{^ ,'^^) is locally free in a neighbourhood 



Definition 2.5. If ip^{y) is an isomorphism for all y € y we say that (o'xij(^,5f) "commutes with base 
change". 

We will define now what a family of extensions is. For every point y E y let 

cl)y : Ext^(^,^^) ^ Ext],^{^y,%), 
be the map that assigns to every extension class of ^ by 5^, the extension class of ,^y by 
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Definition 2.6. A family of extensions oi ^ hy ^ over y is a family (e^ G Ext]^^{,^y,'^y))y£Y such that 
there is an open covering = {Ui)i^j ofY and for each i G / an element fjj G 
such that Sy = 4'i^y{(Ti) for every y . Here cfii^y denotes the canonical map 

^ Ext\^{^y,%). 

The family of extensions is called globally defined if the covering ^ may be taken to be Y itself. 

In order to study the universal families of extensions, it will be fundamental to have a relationship 
between the relative Ext's, these are the groups SxV^{^,'^), and the global ones, 5f ). This 

relationship is accounted for by a spectral sequence (see for example [G]) whose £'2-term is given by 
£^2''' = HP{Y, £'xt'j{^ ,'^)) and which abuts to Ext\{^ ,'^). In particular we have an exact sequence 

Q ^ H^{Y, f^.^omx{.^ ,'^)) — ^Ext\{,^,<^) — ^ 

^ H^{Y, Sxt){^, ^)) H\Y, f,M'omx{^, 'S)), 

where e and \i denote the edge homomorphisms. For a point y G y let : ® 
k{y) denote the canonical homomorphism, what we have is that 

(/)y(e) = f^{y)iyfi{e) 

for all e G Ext\-{J^,^) and for all y £Y. 

If we suppose in addition to the above hypotheses that Y is reduced and S'xt^j,^^ commutes with 
base change, then there is a canonical bijection between the set of all globally defined families of extensions 
of ^ by ?f over Y and 

Ext]^{^,':^)/H\Y,f^J^omx{^,^)) ^ H^{Y,^xt}{^,'^)). 

There is also a canonical bijection between the set of all families of extensions of ^ by over Y and 
H^{Y,^xtj{^,i^)). Moreover, if H^{Y, f^Jlfomxi^,^)) vanishes, H^{Y,<^xt){^,^)) parametrizes the 
globally defined families of extensions. 

Suppose in addition to the general hypotheses that i§xfj{^,^) commutes with base change for i = 0, 
1. Let qs ■ X xy S ^ X and ps ■ X Xy 5 — > 5 be the projections. Then the functor 

E{S) := H'{S,^xtl^iq*s^,q*s'^)) 

of the category of noetherian y-schemes to the category of sets, is a contravariant functor that is 
representable by the vector bundle V = V{Sxt^^{-^ over Y associated to the locally free sheaf 
Sxt){^,'^Y. 

Proposition 2.7. Suppose Y is reduced and Sxf^{^,^) commutes with base change for z = 0, 1. Then 
there is a family (e^)^gv' of extensions of qy^ by c^'^ over V which is universal in the category of reduced 
noetherian Y -schemes. 

2.8. Here "universal" means: Given a reduced noetherian y-scheme S and a family of extensions {es)s&s 
of q*g^ by q*g^ over 5", then there is exactly one morphism g : S ^ V over Y such that {es)s&s is the 
pull-back of {ev)v&v by g. 

There exists a projective analogue of the above result. Under the same hypotheses as in the last 
proposition, consider the functor 

PE{S) := set of invertible quotients of (Sxt^^{q*g^ , (fs^Y 
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of the category of noetherian y-schemes to the category of sets, where qs and ps are as above. This 
is a contravariant functor that is representable by the projective bundle P = P((f 5^)^) over Y 

associated to the locally free sheaf ^^)^. 

Proposition 2.9. Suppose Y is reduced and commutes with base change for i = 0, 1. Then 

there is a family {ep)p^p of extensions of q*p^ by qp^ ppOp(l) over P which is universal in the 
category of reduced noetherian Y-schemes for the classes of families of nonsplitting extensions of q*p^ by 
(ipS ®p*p££ over S with arbitrary ^ € Pic{S) modulo the canonical operation of H^{S, O^). 

In particular, as a restriction of these results we obtain the classical ones on universal extensions, here 
"universal" is in the usual sense. These are the following (see [NRj . [R] and the Appendix on extensions 
of IS]): 

Fix an algebraic variety X, and let S and T be two more algebraic varieties. Let V (resp. W) be a 
vector bundle on S x X (resp. T x X), such that dim{H^{X, J^om{Wt, Vs))) is independent of the point 
(s, i) of 5 X T. Let psxT-, Pt and ps be the projections SxTxX—fSxT,SxT—>-T and S xT ^ S 
respectively. 

Let 

F = RHpsxTUJ^omiipT X idxYW, {ps X idxTV)). 
This is a vector bundle on S" x T. Let ir : F ^ S x T he the projection. 

Proposition 2.10. // 

h'{S X T, {psxTUJ^om{{pT X idxTW, {ps X idxTV) F^) = 

for i = 1, 2, there exists a vector bundle E on F x X and an exact sequence 

^ (vr X idxTips x idxTV ^ E ^ (tt x idxY{pT x idxTW 0, 

such that for every point {s,t) € SxT and every element h G F{s,t) = H^{X,J^om{Wt.,Vs)), its restriction 
to {h] X X: 

is the extension associated to h. 

As in the general case, we have a projective analogue of this proposition. 

Remark 2.11. The hypotheses of Proposition 12.101 are verified in the following cases: 

(a) When for ah {s,t) eS xT,we have that Hom{Wt, Vs) = {0}. 

(b) When S and T are affine. 

3. Coherent systems 

In this section we introduce some general theory on coherent systems on algebraic curves. This material 
is a summary of results that can be found in |BG2j . [BGMNj and |BGMMNj . 

Let X be a smooth projective algebraic curve of genus greater than or equal to 2. 

Definition 3.1. A coherent system on X of type (n, d, k) is a pair {E, V), where E is a vector bundle on 
X of rank n and degree d and V is a subspace of dimension k of the space of sections H^{E). 

Definition 3.2. Fix a G M. Let {E,V) be a coherent system of type {n,d,k). The a-slope of {E,V), 
Ha{E,V), is defined by 

d k 
fia{E,V) = -+a--. 

n n 
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We say that (£', V) is a-stable if 

for aU proper subsystems {E',V') (i.e. for every non-zero subbundle E' of E and every subspace V C 
V n H^{E') with (£",y) / (E', y)). Analogously a-semistability is defined by changing < to ^. 

There exists a (coarse) moduli space for a-stable coherent systems of type (n, d, k) which we denote by 
G{a] n, d, k). 

Definition 3.3. We say that a > is a critical value if there exists a proper subsystem {E',V') such 
that ^ / I but fic>{E',V') = ^ic{E,V). We also regard critical value. 

For a not critical, if gcd(n, d, A;) = 1, the a-semistability condition and the a-stability condition are 
equivalent. For A; < n, it is easy to see that there are finitely many critical values, this is also true when 
/c > n. 

If we label the critical values of a by Oj, starting with oq = 0, we get a partition of the a-range into a 
set of intervals (ai,aj+i). Within the interval (aj,ai+i) the property of a-stability is independent of a, 
that is if a, a' £ (oj, aj+i) then G(a; n, d, k) = G{a'; n, d, k). We shall denote this moduli space by Gj. 

Suppose now that G(a; n, d,k) 7^ for at least one value of a. 

Proposition 3.4. Let k < n and let ai be the biggest critical value smaller than ^^4^- The a-range is 
divided into a finite set of intervals determined by critical values 

d 

U = ao < ai < 02 < ■ ■ ■ < ai < -. 

n — k 

If > ^^4^ ) moduli spaces are empty. 

The difference between adjacent moduli spaces in the family Go, Gi, Gl is accounted for by the 
subschemes Gf C Gi and G~ C Gi_i, where Gf consists of all {E,V) in Gj which are not a-stable if 
a < ai and G^ Q Gi-i contains all {E,V) in Gi_i which are not a-stable if a > a^. It follows that 
Gi — Gf = Gj_i — Gj" and that Gi is transformed into Gj_i by removal of Gf and the insertion of G~ . 

Definition 3.5. We refer to such a procedure as a flip. We call the subschemes Gf the flip loci. We 
say that a flip is good if the flip loci have strictly positive codimension in every component of the moduli 
spaces Gi and Gj-i respectively. Under these conditions the moduli spaces are birationally equivalent. 

4. Study of the BGN extensions 

When k < nwe denote by Giin, d, k) the moduli space of coherent systems of type (n, d, k) for a large, 
i.e., aL <a < 

Definition 4.1 ( |BG21 [BGN] ). A BGN extension is an extension of vector bundles 

O^O^'^^E^F^O 

which satisfies the following conditions: 

(i) rankii^ = n > k, 
(h) deg£; = d>0, 

(iii) H^{F*) = 0, 

(iv) if e = (ei, . . . , e^) G H'^{F* ®0®^) = ifi(_F*)®'= denotes the class of the extension, then ei, . . . , 
are linearly independent as vectors in H^{F*). 
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Definition 4.2. Two BGN extensions are equivalent if one lias a commutative diagram 

^ 0®'=' ^ E' ^ F' ^ 

I II 
^ 0®^ *- E ^ F ^ 

wliere tlie vertical arrows are isomorphisms, in particular k = k' . An equivalence class of BGN extensions 
will be called a BGN extension class. 

Proposition 4.3 f [BCT2] . [BGMN] ) . Suppose that < k <n andd> 0. Letai < a < Let {E, V) be 

an a-semistable coherent system of type (n, d, k). Then (E, V) defines a BGN extension class represented 
by an extension 

Q^O®^^E^F^Q 

with F semistable. Conversely, any BGN extension of type (n, d, k) in which the quotient F is stable gives 
rise to an a-stable coherent system of the same type. 

Remark 4.4. Note that if in the last part of Proposition 14.31 our quotient bundle F is only semistable, 
the coherent system can fail to be a-stable or even a-semistable. 

Proposition 4.5 ( [BG2l . [BGMN] . |BGMMNl ). Suppose n > 2 and < k < n. Then GL{n,d,k) ^ ^ if 
and only if 

d > 0, k<n-\ — (d — n) and (n,d,k) {n,n,n), 
9 

and it is then always irreducible and smooth of dimension (3{n, d, k) = n^{g — 1) -|- 1 — k{k — d + n{g — 1)). 

If < k < n, GL{n,d,k) is birationally equivalent to a fibration over the moduli space of semistable 
vector bundles, A4{n — k,d) with fibre the Grassmannian Gi{k,d+ {n — k){g — 1)). More precisely, ifW 
denotes the subvariety of GL{n,d,k) consisting of coherent systems for which the quotient bundle F is 
strictly semistable, then Giln, d,k)\W is isomorphic to a Grassmann fibration over Ai{n — k,d). 

If in addition gcd(?7, — k,d) = 1, then = and Giin, d,k) ^ M.{n — k, d) is the Grassmann fibration 
associated to some vector bundle over A4{n — k,d). 

Our next goal is to study what happens when the quotient bundle F is strictly semistable. To this 
end, consider a BGN extension as above: 

^ O®'' ^ E ^ F ^ 0, (4) 

in which F is strictly semistable with rank (n — k) and degree d > 0. Let 

(ei, . . . , Cfc) G H\F* O®'') = H\F*f'' 

be the class of the extension of E, with {ei}i linearly independent as vectors in H^{F*). 

Let {E,V) be the coherent system corresponding to the extension Consider a subsystem (E',V'). 
In general, this subsystem determines an extension 

^ W' ^ E' ^ F' ^ 

I I r 

^ 0®^ ^ E ^ F ^ 

with F' a subsheaf of F, W' a subbundle of O®^. Let a G {ul, be sufficiently close to We 
are going to study the relationship between fia{E', V') and iJ-a{E, V). It is proved in |BG2j (Lemma 4.3) 
that for an extension 

^ W ^ E' ^ F' ^ 0, 



MODULI SPACES OF COHERENT SYSTEMS 



deg{W') < and = if and only if W ^ 0®'='. Moreover h^{W') < rank(T^') and = if and only if 
W ^ 0®'='. This can be proved by considering the vector bundle generated by the global sections of W' 
and bearing in mind that if h^(W') = rank(W) and W % O®^' then the degree of W would be positive, 
which contradicts the fact that deg(Vl^') < 0. 
We divide the study into the following cases: 

§. F' proper, non-trivial subsheaf and W % O®^' . Let /' = rank(VF') and k' = h^{W'). Since 
deg(Ty) < we have 



n'-l' (degT^' + degF') degF' n' - I' . ^. n' - I' 

< — ■ — < ^(i' ) • — . 



n 



n'-l' 



n 



I' 



n 



n 



Following the computations of |BG2j page 139, we have 



e 



n — k 



k k' 



n n' 



k'-l' 



n 



where e = d — a{n — k) > and we know that d > and fJ,{F) > 0. Lemma 4.3 of [BG2j implies that 
k' < I', so choosing e sufficiently small -note that in Section [3] we saw that the condition of a-stability 
does not change within an interval (aj,ai+i), i.e., G{a;n,d,k) = G{a';n,d,k) for all a, a' € (Qi,aj+i)- 
we have 



£ 



n — k 



k k' 



n n' 



+ — < 



n' 



and we conclude that (E' , V') does not contradict the a-stability of {E, V). 

§. The cases: F' = 0; F' = F and W ^ O®'^'; F' = F and W = 0®'='. These cases fohow in the 
same way as Theorem 4.2 of |BG2j . and (E' , V') does not contradict the a-stability of {E, V). 

§. F' a proper, non-trivial subsheaf and W' = O®^' . We know that deg(l^') = 0, and {E' ,V') is a 
subsystem of type {n',d', k') where: 

d' d 



d' = degF', n' = k' + rankF' and /x(F') < fi{F) 



< 

n' — k' n — k 



So, bearing in mind that a G (a^, ^4^) sufficiently close to let a 
small, we have 

f^^iE', V) - UE, y) = 4 - - + - -) = 

n' n n' n 



1 



■[nd' - dn' - {kd' - dk')] + 



T^-^ with £ sufficiently 



k 



n'(n — k)^ ^ ' n — k n n' 

In the case in which = f^{E) > IJ-iF') = ,^4^, , we have nd' — dn' — [kd' — dk') < 0, so choosing £ 
properly, this does not contradict the a-stability of {E,V). In the other case, when /^(-F) = fJ-iF'), we 
obtain 



fiaiE',V')- fiaiE,V) 



£ 



n — k 



k k' 



n n' 



So the a-(semi)stability depends on whether ^ — is >, = or < than 0. Hence, we only have trouble 
when - > 

n — n' 

If we study the relationship between the invariants k, k', n and n', we find that 

rank(F') = n' — k' < rank(i^) = n — k, 
because F' is a proper subbundle of F. 
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From now on, we will study the cases in which the coherent system that comes from our original BGN 
extension fails to be a-stable. These cases are those in which we have a coherent subsystem (E' , V') of 
type in',d', k') such that n-k>n'-k'>0, and n{F) = fi{F'). Note that the condition ^> ^ 

is equivalent to > . We can restrict ourselves to the case in which our extension 

^ O®''' -^E' ^ F' ^0 (6) 

is either an extension verifying the properties (i)-(iii) of the definition of BGN extension (Definition I4.ip 
or, for the smallest value of k' for which the extension ([6]) exists, a BGN extension. This is proved in 

Theorem 4.6. A BGN extension fails to be a-stable for < a < if and only if there exists a 
BGN extension ^ and a commutative diagram 

(7) 

\ \ \ 
^ O®''' " E' ^ F' ^ 

\ \ \ 



such that 



^ O©'^ ^ E ^ F ^ 

k k' 

n-k> rankF' > 0, ^ — and fi{F) = fi{F'). (8) 

n — k rankF 

Proof. The existence of d?]) immediately implies that is not a-stable. Conversely, if @ is not a-stable, 
then there exists a diagram ([7]) for which ([8]) holds. We need only show that we can choose ([7]) so that 
dUD is a BGN extension. 

Now ([7|) and ^ immediately imply conditions (i) and (ii) of Definition 14.11 for the extension ([G]). 
Moreover, since F is semistable, so is F'\ since degF' > this implies that H^{F'*) = 0, giving (iii). 

Condition (iv), however, is not automatic. Let (ei,...,efc) be the A:-tuple classifying ^ and let 
(e']^, . . . , e^) be the image of this /c-tuple under the surjection H^{F*) H^{F'*). Put k" = dim < 
e^, . . . >. The existence of ([7]) implies that k' ^ k" . On the other hand, after applying an automor- 
phism of O®^ , we can assume that e^//_,_j^ = . . . = e'^ = and hence deduce the existence of a subextension 
of dH) of the form 

^ O®''" ^E" ^F' ^0 (9) 

classified by {e'l, . . . , e'^,). This is a BGN extension. 
Moreover 

lankE" — k" = rankF' = rankE'' — k' < n — k 

and 

fc(rankS" - k") = A;(rankS' - k') > k'{n - k) > k"{n - k), 
so ^ nmiiF' extension ^ satisfies all the conditions required for dS]). □ 

5. The codimension of the "bad" part 

We estimate the codimension of the subvariety of ®^H^{F*) whose elements are "bad", in the sense 
that the coherent systems they induce are not a-stable. We call this subvariety S. 

Theorem 5.1. Suppose that F has only finitely many subbundles F' with n{F) = n{F'). Then, the 
co-dimension of the subvariety S of H^{F*)®^ satisfies 

codim(5) > min{((5 - l)n' - k' g + d'){k - A;')}, (10) 
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where this minimum is taken over all the invariants n' , d! , k' for which F possesses a subbundle F' of 
type {n' — k' , d') satisfying 

/ - / ^ k k ^ d d / ^ ^ \ 

n- k > n' - k' > 0, - > — and = — -. (11) 

n n n — k n — k 

Proof. By Theorem 14.61 the BGN extensions that could give us any trouble are those which possess BGN 
subextensions of the form ([6]). Bearing this in mind, to calculate the codimension we consider the following 
picture 

^ 0©fc' ^ E' ^ F' ^ (12) 

f I II 

^ 0®fc ^ El *- F' ^ 

II 1 r» 

^ O®'' ^ E ^ F ^ 

where the first horizontal extension is a BGN subextension of our original BGN extension, which is 
the bottom one. We call now {g*ei, . . . , g*ek) the fc-tuple image of the fe-tuple (ei,...,efc) under the 
map H^{F*) H^{F'*) induced by the canonical immersion g. The existence of the first horizontal 
extension tells us precisely that at most k' elements of {g*ei, . . . ,g*ek) are linearly independent. Using 
Riemann-Roch and bearing in mind that H^{F'*) = 0, we get 

h\F'*) = {g-l){n'-k')+d'; 

this identity tells us that the codimension of the subvariety Sp'^k' of ®'^H'^[F*), where the subindex F' 
refers to the subbundle F' of F, satisfies 

codim(5F',fc') > {h^{F'*) - k') {k - k') = (13) 
= {{g-l)n' -k'g + d'){k-k'). 

So, if we look at all the subbundles F' of F for which n{F') = fJ-{F), we see the codimension of 
the subvariety of H^(^F*)®^ of "bad" elements satisfies (llOp . where the minimum is taken over all the 
invariants n', d' , k' satisfying (jll|) . □ 

Remark 5.2. Condition (iv) of Definition 14. ll tells us that 

k<h^{F*) =d+{n-k){g-l). 

Prom this and (fTT]l 

k'{n -k)< k{n' - k') < d{n' - k') + (n - k){n' - k'){g - 1) = 
= d'{n -k) + {n- k){n' - k'){g - 1) = 
= {n-k)h\F'*). 

So k' < h^{F'*), proving that there exist BGN extensions ^ and also that the lower bound for codimS 
is greater than or equal to 0. 

Moreover, k' = h^{F'*) is only possible if the above inequalities are equalities. In particular ^ = ^, 
hence also ^ = ^, and k = h^{F*). Writing A = k/n and fj, = d/n, this means that 

A = l + i(/.-l) (14) 
9 

(see [BGN] and [Mej ) . So (jH) and ([6]) correspond to the same point in the Brill-Noether map of [BGN] 
and this point lies on the line given by ([1] 
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Conversely, if the point corresponding to ^ lies on the line (I14p and gcd{n,d,k) > 1, we can find 
{n',d',k') with I = |, ^ = I and n' - fc' < n - fc. 

If this happens and F possesses a subbundle F' with invariants (n' — k',d'), then h^{F'*) = k' and 
the diagram ([7|) exists, proving that the corresponding (E, V) is not a-stable. In this case there are no 
a-stable {E,V) with quotient F. 

In all other cases, the general (E, V) is a-stable. 

6. Some geometry of the spaces that classify the quotients 

In Theorem 14.61 we saw that in order to find out if a coherent system is not a-stable we have to look at 
the quotient bundle that appears in its associated BGN extension. Those coherent systems that fail to 
be Q-stable satisfy that their quotient bundle has subbundles with the same slope as the quotient bundle 
and that satisfy the properties described in the Theorem. 

For a given vector bundle F, all the subbundles of F whose slope is the same as the slope of F, appear 
in some of the Jordan-Holder filtrations of F. Bearing this in mind, in this section we study the sets of all 
possible Jordan-Holder filtrations of a given vector bundle. From these sets we will define a stratification 
of Giin, d, k). 

We give some sort of "universal" constructions for these sets of Jordan-Holder filtrations, some of 
them are described as projective fibrations, others are described in terms of "local" and global extensions, 
following the results and terminology of Subsection 12.21 All these geometrical descriptions will allow 
us in the following sections to describe our strata as complements of determinantal varieties and prove 
irreducibility and smoothness conditions for the strata. 

First of all we need to introduce some definitions. 

Definition 6.1. A Jordan-Holder filtration of length r of a semistable vector bundle F is a filtration 

= Fo C Fi C F2 C ... C Fr = F, (15) 

such that the quotients Qi = Fi/Fi^i are stable vector bundles satisfying ^{Qi) = fJ-iF) for 1 < i < r. 

It can be proved that every semistable vector bundle admits a Jordan-Holder filtration and that all the 
Jordan-Holder filtrations admitted by a given vector bundles have the same length. However, there is not 
a canonical Jordan-Holder filtration associated to a semistable vector bundle F. Given a Jordan-Holder 
filtration of a vector bundle, we may associate to it a canonical object. This is described in the following 
definition. 

Definition 6.2. Consider the direct sum of the stable quotients grad(-F) = (BiQi- We call grad(F) the 
graded object associated to F. This object is canonical in the sense that grad(F) is determined up to 
isomorphism by F (and hence Qi, ...,Qr are determined up to order). 

In order to construct the stratification we look at the properties of the graded object associated to a 
given vector bundle. The main object we use is the type, its definition is the following. 

Definition 6.3. We call the r-tuple n = (ni, . . . , Ur) = (rank((5i), . . . , rank{Qr)) the type of the filtration 
p3|) . We denote by n(cj) the type (n^^i-^, . . . ,no-(r)), where a G Sr, Sr being the group of permutation of 
r-elements. 

We will use the type later on in this paper to define a stratification of the moduli space GL{n,d,k). 
Note that the type is not necessarily determined by F. 
Consider now the Jordan-Holder filtrations 

= FoCFiCF2C... CFr = F, (16) 
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where F is our usual strictly semistable vector bundle of rank n — k and degree d. We begin by giving 
definitions and obtaining results for such a Jordan-Holder filtration independently of the length r. We 
essentially provide conditions for such a filtration to be unique. Unfortunately, we don't have a description 
of the sets independently of the r. Later on in this section we restrict ourselves to the case r equals 2 and 
3. In these cases we obtain complete answers and descriptions which allow us in the following section to 
obtain a stratification for Giin, d, k) for the cases in which n > k and n — k equals 2 and 3. 
We have the extensions 

O^Fi^ Fi+i ^ Fi+i/Fi ^ 0, (17) 

and 

^ Fi/Fi^i ^ Fi+i/Fi.i ^ F,+i/F, ^ (18) 

canonically associated to our Jordan-Holder filtration ([16]). Here we denote Qi = Fi/Fi-i and let 
rank((5j) = rii for all i. 

Definition 6.4. We define Qn as the set of Jordan-Holder filtrations of type n = (ni, . . . , n^), such that 
the extensions (I17p associated to the filtration are non-split for every i, and Qi ^ Qj for every i ^ j. 

Proposition 6.5. There is a sequence of projective fibrations for Qn, l^t 

Qn G{ni,...,nr-i) ^ • • • ^ ^(ni.na) ^ -^1 X ... X Mr\Ar 

where Aii is the moduli space of stable vector bundles of rank Ui and degree di and is the "big diagonal", 
that is 

Ar := {(Qi, . . . , Qr) G Ml X ... X Mr such that Qi = Qj for some i / j}. 
In particular, when gcd{ni,di) = 1 for all i, Qn parametrizes a universal filtration 

C J^i C ... C J^r-. 

Proof. We use induction. Let Mi = A4{ni,di) be the moduli space of stable vector bundles of rank 
and degree di. The construction depends on the existence of Poincare bundles. In [R] it is proved that 
when gcd(ni,di) 7^ 1 Poincare bundles do not exist over A4i. Then, we need to work at the Quot squeme 
level. Let Qi be a certain Quot scheme. Let Rf^ be the open set of Qi of semistable points. If fi is the 
morphism from Rf^ to Aii, we have that {Mi, fi) is a good quotient of Let -R| = f^^{Mi) and 
fl : Rf — > Mi the restriction of fi. In this situation, there exist universal bundles Uf^ on Rf^ x X. Let 
Z//? be its restriction to R^ x X. The group GL[Ni) acts on i?^, with the centre acting trivially and such 
that PGL[Ni) acts freely. The quotient of Rf by PGL{Ni) is the moduli space of stable bundles Mi. 
We do the construction over 

Rfx ...xR'^\{flx ...X f^y^Ar. 

For r = 1, the result is trivial. The first non-trivial case is r = 2, which we consider as the base case. Let 
q2 : Ri X R2 X X ^ Rl X R2 and p| : i?f x i?! ^ i?f for i = 1, 2, be the projections. And let H2 be the 
sheaf 

nHq2UJ^om{{p2 X idxTUl, {pi x idxTUi)), (19) 

where ,j^om is the sheaf of homomorphisms. Note that Hom(^/||{,„2}xX)^i l{mi}xx) = since both are 
stable bundles of the same slope, then /i^((Z^||{m2}xx)* ® (^il{mi}xx)) is independent of the choice of 
the point (mi,m2) G i?f x \ (/f x /|)"^A2. Hence is a bundle on R{ x R^X {ff x /|)~^A2. 
We consider the projectivization of 7^|, P(7^|). The centre of GL{Ni) x GL{N2) acts trivially on the 
projective bundle associated to and so PGL{Ni) x PGL{N2) acts freely on P(7^|). Using Kempf's 
descent Lemma (see [LeP2| page 138, [DN] Theorem 2.3) we obtain that P(7^|)/PGL(A^i) x PGL{N2) is 
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a projective fibration over Aii x ^A2 \ A2 that satisfies the properties of the proposition. This projective 
fibration is identified to G(ni,n2)- Moreover, let Op^{l) be the tautological bundle of the projective bundle 
P(Wi), vrf,^ : PC^i) ^ Uf xUI and let pp(„a) : P(7^|) x X ^ PCH|) be the projection. We are in the 
hypotheses of Remark 12.111 so there exists a vector bundle .F| over P(7Y|) x X and an exact sequence 

^ (vrf, X idxTipl X idxTUl P^^.^^Op.il) ^ ^ (vrf, x x ^ 0, (20) 

which is universal in the sense of the projective version of Prop osition 1 2 . 1 Ol 

In the inductive step we assume that there exists a sequence of projective fibrations 

^K,...,n._0 - • • • - ^(n„n.) - ^? X ... X X ... X f^^.y^K-l, 

and a universal family 

= .^o' C Z^i C . . . C 

parametrized by „ - The group PGL(Ni) x . . . x PGL(Nr-i) acts freely on C/J^ ^ ^ in such 

a way that there exists a quotient sequence 

G{ni,...,nr^i) ^ ^(m.na) ^ -^1 X ... X X^-AA^-l. 

Let us show that this is also true for n. By the inductive step we have constructed a sheaf as 
(fT9]) . over P(7i:^_2) x Note that nf._^ is actually a bundle on P(W^_2) x We consider 

the projectivization of TC^^i, ¥(Hf._i). One has that PGL{Ni) x ... x PGL{Nr-i) acts trivially on 
P(W*_x), and then it acts trivially on Q'^^^ ^ which implies the existence of a sequence of projective 
fibrations on the quotient. Let Op^_^{l) be the tautological bundle of the projective bundle P(7^^_]^). 
Let vrp : P(7^^_i) ^ P(^r_2) x and let : P(Wr-i) x X ^ IP(W^-i) be the projection. 

For the existence of J^^-i is required that for every point (m, m') G P('H^_2) x Rl_i we have that 
Hom(Z^^^_i|{^/}xx,-^r-2l{m}xx) = (scc Remark EHJ. 

Consider now the projections : f{ni_^) x x X ^ ^C^r-i) x K, P ■ x ^ P(W^_i) 

and p', : F{nf.__^) x Rf. Rf.. And let H'^ be the sheaf 

n\q'^%{J^om{{p'^ X idxTK, (P x idxT:F^^i)), 

where Jfom is the sheaf of homomorphisms. Since Hom(W^||^g}xX) •^r-i!{m4}xx) = for ("i4, '"t-s) G 
P('^^^-i) X -Rr) has that 7^^ is a bundle on P(7^^_^) x Rf. . Note that if there were a non-zero morphism 
from I } X X to 1 1 } x x > then one could find a non-zero morphism from Z^* I {m.3 } x X to | {^/z } x x 
for some m" G but this is not possible because these are non-isomorphic stable bundles of the same 

slope. We consider the projectivization of Hf., F{Hf.). One easily see that PGL{Ni) x . . . x PGL{Nr) acts 
trivially on P(?^^), and then it acts trivially on G'ni which implies the existence of the required sequence 
of projective fibrations on the quotient. Moreover, let Op^(l) be the tautological bundle of the projective 
bundle P(W^). Let vrp^ : PC^^) ^ P(:^^_i) x Rf. and let ppc^s) : F{nf.) x X ^ F{nf.) be the projection. 
Then we are in the hypotheses of Remark I2.1H so there exists a vector bundle over P(7^^) x X and 
an exact sequence 

^ (vrp^ X idxTip x idxTJ"'-! ® Pp(w-)Cp,(l) ^ ^ (vrp, x idxT{Pr x idxYK ^ 0> 

which is universal in the sense of the projective version of Proposition 12.101 

Finally, when gcd(ni, di) = \ for all i one has that there exists Poincare bundles Vt over Aii. Then we 
can repeat the previous argument at the moduli space level obtaining a universal filtration 

c j^i c . . . c 

parametrized by Qn. □ 
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Remark 6.6. The proof of the previous proposition shows that there always exists a universal filtration 
at the Quot-scheme level. 

Proposition 6.7. The Jordan-Holder filtration 

C Fi C Fa C . . . C = F, (21) 

of F is unique if and only if no sequence 

O^Qi^ F,+i/F,_i ^ Qi+i ^ (22) 
for < i ^ r — 1, splits. If no two Qi are isomorphic, this is equivalent to saying that 

i/om(Q,+i, F,+i/Fi_i) = (23) 

for < i ^ r — 1 . 



Proof. For the first statement, suppose that the Jordan-Holder filtration (j2ip is not unique, then if we 
have two Jordan-Holder filtrations for F there exists an index i + 1 < r such that Fj = F'- for all j < i + 1 
andF,+i /i^y+i. 

If F/_(_]^ ^ Fj+i, there is a non-zero morphism of vector bundles V' : F/_^-^/Fj Fj+i/Fj. Since F/^-^/Fj 
and Fj+i/Fj are stable bundles having the same slope and V' 7^ 0, we get that F/_^;^/Fj = Fj+i/Fj. Hence 
F^j^i and F^+i have the same rank, so F/^^ = Fj+i, which is a contradiction. Then F/_^^ ^ Fj+i. It follows 
that there exists a unique j ^ i + 2 such that F[^^ C Fj but F/_,_]^ ^ -^j-i- This implies that there is a 
non-zero bundle morphism F^j^^ Fj, which induces if : F/_,_]^/Fj — > Fj/Fj^i = Qj. Since ^ ^ and 
F^j^^/ Fi and Fj/Fj-i = Qj are stable bundles having the same slope, then ip is an isomorphism. 

The bundle Fj/Fi is the middle term of the following exact sequence 

^ Fj^i/Fi ^ Fj/Fi ^ Qi ^ 0. (24) 

We have that F^j^^/Fi is a subbundle of Fj/Fi which is isomorphic to Qj, which is stable. One then has 
that the sequence (p^ splits. It follows that 

^ Qj-i ^ Fj/Fj^2 ^Qj^O (25) 

splits. 

Suppose now that for some 1 ^ i ^ r the sequence 

O^Qi^ F,+i/F,_i ^ Qi+i ^ (26) 

splits, that is Fj+i/Fj_i = © Qj+i- We have a Jordan-Holder filtration of F 

C Fi C F2 C . . . C F,_i C F, C Fj+i C . . . C F, = F, (27) 

then we can consider the exact sequence 

^ F,„i ^ F, ^ ^ 0. (28) 

If we take the tensor product by QI+i and then cohomology, we get the following exact sequence 

^'(Q*+i ® Fi_i) ^ H\Q*^^ F,) ^ i?i(g:+i Q.) - 0. (29) 

The fact that (j26l) is split implies that its extension class in H^{Ql_^_^ (S) Qi) is zero. From the exactness 
of the previous sequence, there is an extension 

^ Fi_i ^Fl^ Qi+i ^ (30) 

from which the canonical extension 

— i- Fj — > Fj_|_i Qi+i 
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is induced. There is also a commutative diagram 

(31) 

t t 

Qi Qi 

\ t 

^ Fi ^ Fi+i ^ Qi+i ^ 

f t II 

► F,_i ► f; ~ Qi+i ~ 

t t 



Prom this, one gets two different Jordan-Holder filtrations of F 

C Fi C F2 C . . . C Fi_i C Fi C Fi+i C . . . C = F, (32) 

and 

C Fi C Fa C . . . C Fi_i C i^' C i^+i C . . . C F^ = F (33) 

This concludes the proof of the first statement. 

For the second statement, if a sequence (j22p splits and no two Qi are isomorphic, then the condition 
Hom(Qj+i, Fj+i/Fj_i) = fails. Conversely, if no two Qi are isomorphic and there is a non-zero bundle 
morphism Qi+i Fj+i/Fi_i, then ([22|) splits. □ 

We introduce now the following subset of Qw 

Definition 6.8. We define £n as the set of bundles which admit Jordan-Holder filtrations in Qn satisfying 

Hom{Q,+i,F,+i/Fi.i) = (34) 

for every i. Note that £(^ni,n2) - ^(m.na)- 

Proposition 6.9. £n has a natural structure of quasi-projective variety. 



Proof. The conditions ()34p are open by the Semicontinuity Theorem, so this follows from Propositions 
E5]andE21 □ 

Now, we can calculate the number of parameters on which £„, depends. 
Lemma 6.10. The elements of £n depend on exactly 

dimA^(n — k,d) — ninj{g — 1) 

l<j<i<r 

parameters. 

Proof. We use induction on r. The case r = 1 is trivial. Assume now that r > 2 and that the lemma is 
true for Jordan-Holder filtrations of length r — 1. By Definition 16.81 and Proposition 16. 7^ any F G f „ has 
a unique Jordan-Holder filtration, and in particular there is a non-split extension 

^ Fr-l ^ F ^Qr^O 

uniquely determined up to a scalar multiple. Since Qi % Qj for i ^ j, we have h^{Q* Fr-i) = 0, so by 
Riemann-Roch, 

h^{Q* ® Fr-i) = {n — k — nr)nr{g — 1). 
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By the inductive hypothesis, the non-split extensions depend on at most 

dimA4(n — k — nr,d — dr) — ninj{g — 1) + nl{g — 1) + 1 + {n — k — nr)nr{g — 1) — 1 

i<i<i<»'-i 

parameters. It is easy to check that this coincides with the required formula. □ 

It will be convenient for our descriptions to use a canonical filtration associated to our semistable 
vector bundle that encodes the information about the Jordan-Holder filtrations admitted by this bundle. 
It turns out that for a given semistable vector bundle F, there is a canonical filtration that satisfies certain 
properties as it is proved in the following Lemma. 

Lemma 6.11. For every semistable vector bundle F , there is a canonical filtration 

= EoCEiCE2C...CEs = F, (35) 

such that the quotients Ei/Ei-i are direct sums of stable vector bundles E' satisfying fJ-iE') = n{F) for 
1 < i < s and F/Ei-i contains no subbundle which is the direct sum of Ei/Ei^i with a stable vector 
bundle of the same slope as F. Actually, if il5\) is a Jordan-Holder filtration of F, then (Bf^iEi/Ei^i = 
®'j=iFj/Fj.i = gradF. 

Proof. We write fi := f^{F). To prove existence of (I35p . we proceed by induction on s, the case s = 1 
being trivial. There certainly exist subbundles of F which are direct sums of stable bundles of slope /i 
(for instance, take the first term in a Jordan-Holder filtration, which is actually stable of slope fi). Let 
El be a subbundle which is maximal with respect to this property; then clearly F contains no subbundle 
which is the direct sum of Ei with a stable bundle of slope /i. The result now follows by applying the 
induction hypothesis to F/Ei. 

For uniqueness, it is clearly sufficient by induction to prove uniqueness of Ei. To see this, suppose we 
have two different subbundles G and H which are both direct sums of stable bundles of slope fi and are 
both maximal with respect to this property. Consider the exact sequence 

^ GnH ^ G ^ G/G nH ^0. 

Since G is semistable of slope fi, the subbundle G H H has slope < ^ and G/G n H has slope > fi. Now 
G/G n -ff is a subsheaf of F/H, which is semistable of slope fj,. It follows that both inequalities are 
equalities and that G (1 H and G/G (1 H are both semistable of slope /i. Hence each of the stable direct 
factors of G maps to G/G PI H either by an isomorphism onto a subbundle or by 0. It follows that there 
exists a sum of direct factors of G which maps isomorphically to G/GnH and the above sequence splits, 
i.e. G = G r\ H (B G/G n H. Moreover, by the uniqueness of direct sum decompositions, G H H and 
G/G n H are both direct sums of stables. The same argument applies to H and it follows that 

G + H^GnH® G/G r\H(S) H/G n H. 

So G + H is a direct sum of stable bundles of slope /i, contradicting the maximality of G and H. □ 

Later on in this paper, the use of these canonical filtrations will simplify our descriptions. From now 
on we restrict our study to the cases r = 2 and r = 3, cases in which we have complete descriptions. 

6.1. The case r = 2. Consider the extensions 

^ Qi ^ F ^ Qa ^ 0. (36) 

We have fJ.{Qi) = fJ-iF) = n{Q2)- We denote by {ni,di) and (712,(^2) the invariants of Qi and Q2 
respectively. In this case n = (ni, 712) is the type of ([36]) and ni+n2 = n—k. Note that grad(F) = (5i©Q2- 
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§. The non-split case. We will classify the non-split extensions ()36|) in which Fi and Q2 are stable 
bundles. As we have already seen, either Hom{Q2,Qi) = 0, or Qi = Q2. If Hom{Q2,Qi) = 0, then 
h^{Q2 ^ Qi) = 0. If Qi = Q2 then h^{Q2 Qi) = 1- Here the quasi-projective variety £n (see Definition 
I6.8P is the space of extension classes of non-splitting extensions (f36]) satisfying Hom{Q2,Qi) = 0. We 
need the following 

Definition 6.12. Let £^ be the space of extension classes of non-splitting extensions ([36]) satisfying 

Qi = Q2- 

From Proposition 16.71 and Definition 16.81 we have 

Lemma 6.13. With the above conditions, the non-splitting extension i36\) is uniquely determined by F 
(up to scalar multiples). In particular the type n of i36\) is determined by F in this case. 

We know that the extensions of Q2 by Qi are classified, up to equivalence, by H^{Q2 <X) Qi). By 
Riemann-Roch Theorem 

h^Q* Fi) = ni{n - k - ni){g - 1) + /i°(Q^ ® Fi). (37) 
We give a complete description of £n and . 

Proposition 6.14. (i) When m ^ ^{n - k) the space £n is isomorphic to a projective bundle over 
M.I X M.2, with fiber the projective space of dimension ni(n — k — ni){g — 1) — 1 and f"^ = 0. 
(ii) When ni = |(n — k): 

The space £n is isomorphic to a projective bundle over Mi x A^i \ A, with fiber the projective 
space of dimension n\{g — 1) — 1 and where A := {{F' ^ Q) € Adi x Mi such that F' = Q}. 

The space £'^ is isomorphic to a projective bundle over Mi, with fiber the projective space of 
dimension n\{g — 1). 

Proof. The construction for £n in both cases appears in the proof of Proposition 16.51 

Regarding <S^, when ni ^ i(n — A;), one has that Qi and Q2 are stable bundles of the same slope 
and different rank, then Qi % Q2, hence £'^ = 0. When ni = ^(n — A;), consider first the case in which 
gcd(ni,di) = 1 and let M = Mi. Let V be the Poincare bundle on M x X and H = J^om({p2 x 
idx)*V, {pi X idxYV). Consider the following commutative diagram 

M' = My.X Mx MxX 

q' 1 

M — ^ M X M 

where A is the diagonal morphism, q and q' are the natural projections, and M' is the fiber product 
between M x M x X and M over M x M. 

The pull-back by A of the sheaf TZ^q^H is a locally free sheaf on M, A*TZ^ q^H. Using the base change 
formula ([iT, III. §9. Proposition 9.3]) we get that 

A*n^q^H ~ n^qlA'*H. 

So the sheaf TZ^qlA'*H is a bundle on M that satisfies all the required properties. By ([37|) the projective 
bundle associated to TZ^q'^A'*H has dimension n\{g — 1). 

When the invariants are not coprime an argument similar to the one we use in the proof of Proposition 
16.51 gives us the result. □ 

Now, using Lemma 16.101 we can calculate the number of parameters on which £"„ and £'^ depend. 
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Lemma 6.15. The elements of £n depend on exactly 

dimA4(n — k,d) — ni{n — k — ni){g — 1) 
parameters. When ni = ^{n — k), the elements of depend on exactly 

<l\mM{n - k,d) - 2n\{g - 1) 

parameters. 

Proof. The first statement is deduced from Lemma 16.101 Note that this computation does not depend 
on either ni = ^(n — /c) or ni ^ ^^{n — k). For the numbers of parameters in which depends when 
ni = ^{n — k), the statement follows from an argument similar to the one used in Lemma 15.101 □ 

§. The split case. In this case we consider the bundles F = Qi® such that Qi and Q2 are stable 
bundles, and /u(F) = n{Qi) = ^((32)- 

Definition 6.16. Let S£n be the space that classifies the bundles F = Qi(BQ2 satisfying Hom{Q2, Qi) = 
0. And let S£'^ be the space of those split bundles F satisfying Qi = Q2- 

6.17. When Qi ^ Q2 and ni ^ ^(n - k), the bundles F = Qi®Q2 are classified by Mi x M2. When 
ni = ^(n — k) and Qi % Q2, then these are classified by {M.i x M.i \ A)/(Z/2) where the group Z/2 acts 
permuting the factors. Finally, when Qi = Q2, the bundles are classified by Ali. 

We can again compute the number of parameters on which S£n and S£'^ depend. 

Lemma 6.18. The elements of S£n depend on exactly 

dimA^ (ni , di ) + dimAl (n — /c — ni,d — di) 

parameters. When ni = ^{n — k) , the elements of S£'j^ depend on exactly 

dimM (ni , di ) 

parameters. 

6.2. The case r = 3. When r = 3, we will classify the different possible sets of Jordan-Holder filtrations 
that are admitted by our strictly semistable vector bundles. 

When r = 3, the Jordan-Holder filtrations admitted by F are of the form 

C Fi C F2 C F3 = F. (38) 

In order to construct "universal" filtrations we must construct universal extensions as we did for r = 2 
(see Proposition I6.14"|l in several steps, which allow us to get universal bundles Fi. These bundles could 
be split bundles or nonsplit ones. 

Let us fix the notation Qi = Fi and Qi = Fi/Fi^i, for all i = 2, . . . r. The bundles Qi are stable and 
of the same slope as F. 

Let n = (ni,n2,n3) = (rank((5i), rank(Q2), i'ank((53)) be the type of F. We denote by n{a) the type 
(no.(i), no-(2)5 'rao-(3)) where cj is a permutation of three elements, for example n(12) = {n2,ni,ns). Assume 
that the Qi, Q2, Q3 have the same slope. We assume further that the graded object associated to the 
semistable vector bundle F is gradF = Qi © Q2 © Qs- We consider the following exact sequences 

^ Qi ^ F2 ^ Q2 ^ (39) 



0^F2^F^Q3^0 



(40) 
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and 

^ Q2 ^ F/Qi ^ ^ 0. (41) 
canonically associated to the Jordan-Holder filtration (j38p . Let us denote the classes of these extensions 
by ei,e2,?7. When 7^ 0, r/ 7^ 0, we write [cj] and \rf\ for the corresponding element of the projective 
space. Now, the extension classes corresponding to these extensions are related by the following exact 
sequence in cohomology 

. . . ^ Hom(Q3, Q2) ^ H^iQl ® Qi) H\Ql ® F2) H\QI ® Q2) ^ 0, (42) 

then rj = p{e2). 

In order to classify the bundles F which arise in this way, we distinguish the following cases by looking 
at whether the previous extensions split or do not. We introduce the following sets: 

6.19. Set 1. In this case, the extensions ()39p . ()40p and (j4ip are non-split. From Proposition 16.71 the 
Jordan-Holder filtration of F is unique and the bundles F which arise are classified by 5-tuples 

Qi,Q2,Q3, [ei], [62]. 

Note that in this case, the canonical filtration (see Lemma |6. lip coincides with the Jordan-Holder filtra- 
tion. 

6.20. Set 2. Here, the extensions ()39p and (|40p are non-split, but (j4ip is split. In this case, the Jordan- 
Holder filtration of F is not unique. There exists an extension 

^ Qi ^ F31 ^ ^ 0, (43) 

we denote its extension class in H^{Q^ (g) Qi) by r/', such that i{r]') = 62 (see (jl2]) ). Then, the bundles F 
which arise are classified by 

Qi,Q2,Q3, [ei], W], 

but note that {Qi,Q2,Q3, [ei], and {Qi,Q3,Q2, [ei]) give the same F. To avoid duplication, we 
need to factor out by the action of Z/2 permuting the bundles Q2 and Q3. The canonical filtration in 
this case is given by the following exact sequence 

^ Qi ^ F ^ Q2 © Q3 ^ 0. (44) 

Prom the canonical filtration we will globalise the construction later on in this paper. 

6.21. Set 3. In this case, the extension (I39p is the only one that is split. The Jordan-Holder filtration of 
F is not unique. The bundles F which arise are classified by 

Qi,Q2,Q3,W,[r/']. 

As before, in order to avoid duplication, we need to factor out by the action of Z/2 permuting the bundles 
Qi and Q2- The canonical filtration in this case is given by the following exact sequence 

^ Qi © Q2 ^ ^ Qs ^ 0. (45) 

6.22. Set 4- The only non-splitting extension is (|39p . Then, the bundle F is 

F = F2®Q3. (46) 



The bundles F are classified by 



Qi,Q2,Q3, [ei]. 



The canonical filtration in this case is 

^ Qi © Qa ^ F2 © Qa ^ Q2 ^ 0. 
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Note that if we interchange Q2 and we get that F = F31 © Q2, which corresponds to the case in which 
(f39D and (gl]) spht. 

6.23. Set 5. Finally, we consider the case where all the extensions are split. Then 

F ^ gradF = Qi Q2 Qs- (47) 

So the bundles F are classified by Qi, Q2 and Q3. To avoid duplication, we factor out by the action of 
5*3 permuting the bundles. 

If we want to classify the strictly semistable vector bundles in M.{n — k, d) of type n = (ni, n2, res) that 
admit a Jordan-Holder filtration ([38]) and such that grad(F) = Qi (B Q2 (B Q3 we need also consider the 
possibility of Qi = Qj for some i, j. This is accounted for in the following definition: 

Definition 6.24. Let Group 1 be the space whose elements are strictly semistable vector bundles in 
A4{n — k, d) of type n = (ni, n2, ns) and such that grad(F) = Qi ® Q2 © Qs where Qi % Qj for every i, 
j. Analogously, let Group 2 be the space in which Qi = Qj for two indices i and j. Finally, let Group 3 
be the space in which Qi = Qj for all i and j. 

As in the case r = 2 we want to classify in a geometric way all the possible situations that can appear. 
In this setup we shall not have a beautiful description of the spaces of quotients in terms of projective 
fibrations. We will still be able to give some universal constructions in all the cases, but in some of them 
only local ones, based always on the results of universal extensions we introduced in Subsection 12.21 

Definition 6.25. Let <S/£'„ be the space whose elements are strictly semistable vector bundles in A4(n — 
k,d) of type n = (ni,n2,n3). The index j means group j and the index i means the set i within the 
corresponding group. For the elements of group 2, we need to introduce a couple more indices a and j3. 
Then SfSn^ means that in the graded objects of the elements of the set, the bundles Qa and Qp are 
isomorphic. Note that, with the notation of Definition 16.81 we have that S^Sn — ^n- 

We are ready now to do our construction. Let A4i = A4{ni, di) be the moduli space of stable bundles 
of rank rii and degree di. Note that ni + 712 + ns = n — k and 1^1+^2 + ^3 = d. We consider here the 
type n = (ni, n2, 71.3) and n{(T) will be the type obtained from n = (ni, n2, ns) after acting by an element 
(T € Ss. The invariants we have fixed must satisfy = ^ = 

We are going to construct a "universal" Jordan-Holder filtration over Mi x ^A2 x AI3 x X, such that 
for every point in the base, i.e. for a fixed graduation, we obtain a Jordan-Holder filtration verifying 
the required properties. These "universal" filtrations will be filtrations associated to the elements of the 
different spaces we have defined in Definition 16.251 

§. The case when ni ^ ^2 7^ ^3. In this case it is not possible that Qi = Qj for some pair i ^ j, so 
when ni, n2, ns are all distinct, the spaces SjSn for i = 1, . . . , 5 are the only ones that are non-empty. 

The construction for Sl8n has already been done in the proof of Proposition 16.51 when r = 3. There, 
the construction is done at the Quot scheme level which implies that this works for any (ni,n2,ns). At 
the end we use descent lemmas in order to obtain the required construction at the moduli space level. 

Here we do all the constructions at the moduli space level assuming the existence of Poincare bundles. 
This is not true in general. Actually, when {ni,di) 7^ 1 the Poincare bundles do not exist on Mi = 
A4{ni,di). We do the construction at this level for simplicity. When the Poincare bundles do not exists 
one may do the construction at the Quot scheme level and use descent lemmas afterwards as we did in 
the proof of Proposition 16.51 
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* The construction for S^Sn- 

6.26. We have that A4i = ^A{ni,di) for i = 1, 2, 3 and assume that ni < 712. Suppose again that there 
exist Poincare bundles Vi and on A^i x X and A^2 x X respectively. Consider also the projections 
Pi : ^Al X ^A2 — > ^Ai for i = 1,2. There exists a universal vector bundle (pi x idxYVi © {p2 x idx)*'P2 
over A4i x Ai2 in the usual sense. Let Vs be the Poincare bundle on A^3 x X. The rest of the construction 
is similar to the one in the proof of Proposition 16. 5i Let q' : {Mi x M2) x M3 x X ^ {Mi x M2) x M3. 
Let Ti.' be the sheaf 

n\i{J^om{{ps X idxTVs, {Pi X © x idxTV2)), 

this is also a bundle on {Mi x ^^2) x A^s. We consider the projectivization of W, P(W). Let C'p'(l) be 
the tautological bundle of the projective bundle P('H'). For all point (mi, 7712,7713) € (Ali x M2) x A^3, 
and for all 777' G '^(mimams)' C>p,{l)m' = m'*. Let TTp/ : P(W) ^ P(?t:) x M3 and let pp(7.i/) : 
F{n') xX ^ F{n') be the projection. 

Now, we want to construct a vector bundle J- over ¥{TC') x X satisfying all the required properties. As 
above, we are in the hypotheses of Remark 12. IH so there exists a vector bundle J- over ¥{7i') x X and 
an exact sequence 

^ {ttp> X idxT{{pi X idxTVi © {p2 X idxTV2) ®P*^(n')Op'{l) ^ (48) 

{'Kpi X idx)*{p3 X idxTVs 0, 

such that for all (ttii, 7772, 7713) € {Mi x M2) x M3, and for all 777' G "^(^1 m2 mg)' restriction to {777'} x X 
is the extension 

^ © 7'2„, ) © 7^'* ^ Tm' ^ P3„3 ^ 0. 

As a result of this construction we have obtained an extension ()48p that is the globalising version of the 
canonical filtration (|45p . From this extension we will describe geometrically the corresponding stratum 
at the moduli space of coherent systems. 

As in the above case, we must take into account the cases in which the Poincare bundles do not exist. 

Remark 6.27. The construction for S2£n is obtained by dualising S^£n, while SlSn is simply £{nx,n2) ^ 
M3. Finally, the construction for SlEn is given byA^i x M2 x M3. 

§. The case when 77i = 712 7^ 773. For the cases in which the 3-tuple of elements that form the 
graduations associated to our semistable vector bundles are elements in Mi x Mi x M3\/S.i2 where A12 
the diagonal in the two first components, the constructions we have described for for i = 1, . . . , 5 

when Til 7^ 7i2 7^ ^73 are the same for tii = 772 7^ 773. 

Under the relations between the ranks of the quotient bundles we also have that are empty. 

For the remaining cases, those in which the graduation is an element of A12 x M3, a more detailed 
study is needed. We describe here the construction of SfS^^, the rest of the cases come easily from a 
suitable combination of the following construction and the previous ones. 

* The construction for SfS^^ . We want to construct a sort of universal Jordan-Holder filtration over 
A12 X M3, where A12 is the diagonal for the two first components, note that in this case Mi = M2- 

At the very beginning we restrict ourselves again to a hypothetical case in which we have Poincare 
bundles over our moduli spaces. In spite of the fact that in general this is not true, we will be able again 
to work at the Quot scheme level and afterwards using descent lemmas we will be able to apply our results 
at the moduli of stable vector bundles level. 
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6.28. As in our original construction (proof of Proposition I6.5p . first of all we need to construct a 
"universal" extension over A12. But in this case, a universal extension in the usual sense ( |NR] . [R] Sz 
[Sj) does not exist. This non-existence could be proved bearing in mind that Proposition 12. 10] is a special 
case of Proposition [221 more precisely, the case when £'xt^j{^ = and commutes with 

base change, and the same for the projective analogues. Here we follow the notation of Proposition 16.141 
(ii), and let A^i = which is a reduced variety. For the morphism q' : A4 x X ^ A4, we have that 

J'xi°,(A'*(p2 X idx)*V,A'*{pi X idxTV) ^ 

^ R\'A'*'^om{{p2 X idxTV, {pi X idxYV), 

which is not zero. So there is not a universal extension in the usual sense. 

Theorem 6.29. A "universal" family of extensions in the sense of \2.8\ exists over A12. 

Proof. Consider first the following commutative diagram 

P X X X X 

p'p q' 
g 

P — 

where P = F{S'xt^,{A'*{p2 x idx)*V, A'*(pi x idx)*V)*) and P x X is the fiber product between P and 
M. X X over M. 

The existence of this "universal" family is based mainly on the fact that for every m € A^, the base 
change morphism 

ip'^{m) : R^qiA'*J^om{{p2 x idx)*V, (pi x idx)*V) (g) k{m) 

^ H\Xra,A'*jrom{{p2 X idxYV, {pi X idxTV)m) 

is surjective. To see this surjectivity it is enough to note that the fibres of q' are projective curves. Then, 
using the Grauert theorem and the "Cohomology and base change" theorem III. §12. Corollary 12.9 
and Theorem 12.11]) we conclude. 

Combining the surjectivity of ip^{m) and the "Cohomology and Base Change" theorem we have that 
(p^{m) are isomorphisms for i = 0, 1. So, because A4 is reduced, we can apply Proposition 12.91 Then, 
there exists a family (ep)pgp of extensions of q'p*ipi x idx)*V by q'p*{p2 x idxY'P p'p*Op{l) over 
P = F{(g'xt^,{A'*{p2 X idx)*V , A'* {pi x idx)*V)*) which is universal, in the sense of l2.8l in the category 
of reduced noetherian y-schemes for the classes of families of non-splitting extensions of q'p* {pi x idxYV 
by Q'p*iP2 X idx)*P ® p'p over S with arbitrary S Pic{S) modulo the canonical operation of 
H°{S,0*s). □ 

Once we have constructed a family of extensions, {ep)p^p, in the first step, for the second we use a 
similar argument as in the previous "universal" constructions and produce a universal extension in the 
usual meaning for each element of the family (ep)pgp. Hence, we fix an element of (ep)pgp, say 

^ q'p*{P2 X idx)*V<S)p'p*Op{l) ^J'p^ qp*{pi X idxfV ^ 0. 

Now, as in the usual notation, let q" : {p} x AI3 x X {p} x M.^, and qi : {p} x AI3 — > {p}, pz '■ 
{p} X Mz Mz- We have that 

Up = n\':{M'om{{p3 X idxYVs, {qi X idxTTp)) 



24 



CRISTIAN GONZALEZ-MARTfNEZ 



is a bundle on {p} x and we consider ¥{7ip). To conclude we need to construct a universal extension 
on ¥{Tip) X X. This follows from the fact that 

i7om(P3||„3}xx,-^p) = 

for all 771-3 £ -^3) note that in case there exists such a morphism, we would have another one from 
{msjxx to P|{mi}xX for some nii G M, but this contradicts the hypotheses. Under this property, 
the conditions of Proposition 12.101 are fulfilled (see Remark 12. lip so we have a universal extension in the 
usual sense. 

Remark 6.30. The constructions for the case when ni = 712 = ns are analogous to the ones we have 
described earlier. 

Remark 6.31. Regarding the number of parameters on which our sets depend, from Lemma 16.101 one 
obtains that Sl£n for n = (?2i,n2,n3) depends on exactly 

dim A^(n — k,d) — nin2{g — 1) — ^.3(721 + n2)[g — 1). 

Now, to compute the number of parameters on which the elements of S\£n depend, it is enough to look 
at the extensions of the form 

^ Qi e Q2 ^ ^ ^ 0. 

These extensions depend on exactly 

dim A^(?i — k,d) — {ni + n2)n^{g — 1) — 2nin2{g — 1) + 1. 
Finally, SfS^^ depends on exactly 

dimM{n — k,d) — 3dimM{ni,di) — 2nin^{g - 1) + 2. 
The computations for the remaining cases follow in a similar fashion. 

7. A STRATIFICATION OF d, /c) 

7.1. Defining the stratification. In this section we will define a stratification of the moduli space 
GL{n,d,k) when k < n. To this end we use the type that was defined earlier, and all the sets that we 
have described from a geometric point of view in the previous section. The idea is to define the different 
strata by looking at the quotient bundle of the BGN extension associated to every coherent system in 
Gl {n,d,k). 

By Proposition 14.51 we know that if the quotient bundle is stable, the BGN extension gives rise to an 
a-stable coherent system. If the quotient bundle is only strictly semistable, the BGN extension could give 
rise either to an a-stable or a non-a-stable coherent system. 

In the previous section we studied the sets that classify the possible Jordan-Holder filtrations that are 
admitted by a given semistable bundle. We define different sets in terms of all the possible splittings that 
can appear. These sets will be fundamental to define strata in the moduli space GL{n,d,k). 

We look at the quotient bundle associated to our coherent system. The strata are defined accordingly: 

Definition 7.1 (The strata). 

(a) Using the notation of the previous sections, for the case r = 2 let Ws^ be the space whose elements 
are those {E,V) E GL{n,d,k) such that if 
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is the extension that represents the BGN extension class associated to {E,V) (Proposition 14.31) . 
then the quotient bundle F is strictly semistable, has type n and is an element of £n- We have 
analogous definitions when we substitute £n by S£n, £^ and 5<S^, respectively. 

(b) For the case r = 3 we have analogous definitions for the sets we introduced in Definition 16.251 

(c) Let = GL{n,d,k) \ W where W denotes the subvariety of GL{n,d,k) consisting of coherent 
systems for which the quotient bundle F is strictly semistable. 

Theorem 7.2. The sets defined in the previous definition are locally closed. Moreover, is an open 
set. 

Proof. Consider A4j = A4(nj,dj) the moduli space of semistable vector bundles of rank rij and degree di 
for i = 1, . . . ,r. Let Qi be the corresponding Quot schemes, and Rf^ the open set of Qi of semistable 
points. If fi is the morphism from Rf^ to A4i, then {^Ai, fi) is a good quotient of Rf^. Consider also the 
morphism 

(/i, . . . ,/,) : i?f X . . . X ^ -^1 X . . . X Mr, 

so we have a morphism 

i?f X ... X R'/ — >M{n-k,d), 

that factorizes through (/i, . . . , fr), and the morphism 

(f>r : Ml X ... X Mr — > M{n — k, d) 

is the one sending {\Ei\, . . . , [Er]) to [Ei © ... © Er], where the brackets mean the 5-equivalence classes 
of vector bundles. It is easy to see, following [S] page 35, that if (ei,...,er.) and (e'^,...,e^) are two 
points in R\^ x . . . x R'^/ representing the r-tuples of vector bundles (i^i, . . . ,Er) and {E[, . . . , E'^), then 
(/•r o (/i, ...,fr)iei,...,er) = (prO (/i, . . . , fr)ie[, . . . , e'^) if and only if grad(^i © . . . © ^ grad(^; © 
...(BE',). _ 

It is known that Mi, the moduli space of stable vector bundles, is an open subset of Mi. If we consider 
the complement of Mi x . . . x Mr in Mi x . . . x Mr, {Mi x . . . x MrY, this is a closed subset of 
Ml X ... X Mr- Because Mi x . . . x Mr is projective, 4>r{Mi x . . . x Mr) is closed in M{n — k, d), and 
(priiMi X ... X Mr)^) is a closed subset of (l)r{Mi x . . . x Mr), so (pri^Mi X ... X Mr)'^)'^ is open, then 
Ci...r ■= 4>r{{Mi X ... X Mr)'^)^ H (t>r{Mi X ... X Mr) is locally closed in M{n — k,d). The elements of 
Ci,,,r are the S-equivalence classes of semistable vector bundles of rank n — k and degree d, which have a 
Jordan-Holder filtration whose type is n{cr) = (^^(i), . . . ,n^(^r)) ^or some a £ Sr. 

Consider now the morphism 

g : Giin, d, k) — > M{n - k, d) 

which sends every coherent system (E, V) to the S'-equivalence class of the semistable quotient bundle F 
of the corresponding BGN extension. We have that g*{(l)r{Mi x . . . x Air-)) is closed in GL{n,d,k), and 
g*Ci,,,r is open in g*{(j)r{Mi x . . . x Mr)) so is locally closed. The elements of g*Ci,,,r are the coherent 
systems {E, V) of Giin, d, k) for which gradF = E'l © . . . © with Ei G Mi. 

(a) The case r = 2. The case in which ni 7^ ^(n — k): Consider Rf^ x GL{n,d,k), let {V{t)}t 
and {Vl^(s)}s be families of vector bundles parametrised by i?f* and GL{n,d,k) respectively. Let A := 
{(t,s) G i?f* X GL{n,d,k) such that H omiV {t) ,W {s)) 7^ 0}. Now, ^ is a closed invariant subset of 
Rf X GL{n,d,k) under the action of PGL{Ni) x {id}. Because {Mi, fi) is a good quotient of Rf , 
we have that (/i x idGL){A) is closed in Mi x GL{n,d,k) (see |N2| ). hence its image in GL{n,d,k) 
is also closed. We call this image X12. Analogously, let A' := {(t, s) G Ri' x GL{n,d,k) such that 
Hom{W{s), V{t)) 7^ 0} and denote by to the image in GL{n, d, k) of ifixidG^){A') which is also closed. 
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We have thatXi2n/Ci2 = We^iJWse^ s.ndl[^r\g*Ci2 = ^^a) U#5f^. Then, ^5^^ = X12 n n 5*^12, 
Ws^ = (X12 \Ti2 nT(2) n 5*Ci2 and #f„(i2) = (2:(2 \ ^^12 n Z;2) ^ 5*^12 which are ah locally closed. 

The case in which ni = ^(n — A;): Here we have two different possibilities, the points in the diagonal 
and the ones out of the diagonal. Consider first the diagonal A := {[F\Q) G M.i x M.i such that 
F' = Q} which is a closed set. Then (/'2(A) is also closed in M.{n — k,d) and g*(</>2(A) n Cn) is closed 
in GL{n,d,k). Define jTii := {s G GL{n,d,k) : {End{W (s))) = 4}. By semi-continuity theorem 
([H] page 288), the set Jn is closed in GL{n,d,k). So W^s'^ = Ju n 5*(02(A) n Cn) and = 
5* (^2 (A) n Cii)\Jii n 5* ((/'2(A) n Cn) are both locally closed. 

Secondly, for the points off the diagonal, we define I12 as in the first part of (a). One has that 
:Z^i2 n g*{cl)2{^)T n g*{Cn) = W£>^ U Ws£'^. Consider now J ■= {s e GL{n,d,k) : {End{W (s))) = 2}. 
This set is closed in GL{n,d,k), and Wg^V = Jnli2ng*{(t)2{A)yng*{Cn) and = 2:12 n c/*((/)2(A))^ n 
g*{Cii) \J'ri I12 n g*{(j)2{A)y n g*{Cii) which are both locally closed. So we conclude. 

{h)The case r = 3. As we have seen before, several cases, depending on the relations between the 
different ranks, should be considered. 

The case in which n\ ^ n2 n^: Recall that A4i = A4{ni,di) the moduli space of semistable vector 
bundles of rank Ui and degree di for i = 1, . . . ,r. Let Qi be the corresponding Quot schemes, and 
the open set of Qi of semistable points. If fi is the morphism from Rf^ to Mi, then {M.i,fi) is a good 
quotient of Rf^. Let M.ij = M.{ni + nj,di + dj) the moduli space of semistable vector bundles of rank 
Ui + Uj and degree di + dj, and Rfj the set of semistable points at the corresponding Quot scheme. Let 

{Mij,fij) be the good quotient of Rfj. Let {Vi{ti)}t^, {Vij(tij)}tij and {Ty(s)}s be families of vector 
bundles parametrised by and GL{n,d,k) respectively. Let 

A:={{h,ti2,s) G Rr X Rr2 X GL{n,d,k) : Hom{Vi{ti),Vi2{ti2)) ^ G,Hom{Vi2{ti2),W{s)) ^ 

Now, ^ is a closed invariant subset of i?f* x x Giin, d, k) under the action of PGL{Ni) x PGL{Ni2) x 
{id]. We have that (/i x /12 x ^(^Gl ) (^) is closed in A4i x7Wi2 xGi(n, d, k), hence its image in Giin, d, k) is 
also closed. We call this image T. One has that Tr\g*Ci2z is locally closed and is identified with \j\^]Wgig^. 
Let 

Aij := {{ti,tj,s) G Rf X fif x GL{n,d,k) : H om{Vi{ti) ,W {s)) / ^, Hom{Vj{tj),W{s)) / 0} 

and 

A!ij := {{ti,tj,s) G Rf X i?f X GL{n,d,k) : Hom{W{s),Vi{U)) ^ 0, Hom{W{s),Vj{tj)) ^ 0} 

where {i,j} C {1, 2, 3}. Now, Aij and are closed invariant subset of Rf x Rf x Giin, d, k) under the 
action of PGL{Ni)xPGL{Nj) x {id}. We have that {fiX fjXidG^){Aij) is closed in AiixMjxGiin, d, k), 
hence its image in GL{n,d,k) is also closed. The same is true for {fi x fj x idGif){A'ij). We call these 
images lij and I[j respectively. The varieties lij PI g*Ci23 and n 5*Ci23 are locally closed. These 
varieties are identified with unions of some of the strata we are studying. Among these identifications. 
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we have the following ones: 

2^23 n 5*Ci23 = ^'sV , U Wolf U #cic U Wolf 

X'a n g*Ci23 = Wolf , ^ U Wolf , , U Wolf , , U ^'cic 
X{3 n 5*Ci23 = 1^sie^,,,, u #-5.,;^^^ u Wsi;^^^ u #^5.,^ 
^^3 n 5*Ci23 = if'sle^ u ir^.^^ u Wsif^^^.^^ u ^^i^^ 

Then, one gets that Wgie^ = (X12 n (X\ (TnJ^g))) n 5*^123, ^5i£:„ = (2:i3 n J^g n (InTi2))) n /C123 
and Wgif^ = (Z\ (Xn (X12 UX23))) n5*Ci23 which are all locally closed. The remaining cases come in the 
same fashion. 

The cases in which ni = n2 7^ ^^3 and ni = n2 = ?^3 are deduced using a suitable combination of the 
arguments used in (a) and (b). So we conclude. 

(c) To prove that W^ is open it is enough to note that W^ = g*{M.{n — k, d)). □ 

In [BGMMN] . Bradlow et al. find a lower bound for the codimension of Giin, d, k) \ W^ in Giin, d, k). 
This is the following: 

Lemma 7.3 ( |BGMMN] . Corollary 7.10). Let < k < n and suppose that GL{n,d,k) ^ 0. Then the 
codimension of GL{n,d,k) \ W^ in GL{n,d,k) is at least 

min{(^ n,nj) (5 - 1)}, (49) 

i<j 

where the minimum is taken over all sequences of positive integers r,ni, . . . ,nr such that r > 2 and 
J2ni = n - k. 

This bound is improved in the following proposition. 

Proposition 7.4. Let < k < n and suppose that GLin,d,k) ^ 0. When (n — k,d) = p > 2 the 
codimension of GL{n,d,k) \ W^ in GL{n,d,k) is at least 

p — 1 



p2 



.{n-kYig-l). 



Proof. In the previous lemma one needs only consider the sequences ni,. . . ,nr for which there exist di 
with y^- di = d such that ^ = — ^ for all i. This means that each Ui must be a multiple of Given 

this, the minimum of (|49p is attained when r = 2 and ui = ^^^^ and n2 = such that di = ^ 

and d2 = ^2^. Then 

z p 

min{(^ n,n,)(5 - 1)} = ^^^(n - kfig - 1). 
i<j ^ 

Hence we conclude. □ 

7.2. Explicit description of the strata for r = 2. In this section, we will describe our strata for r = 2 
as complements of determinantal varieties. As above, the problem is that in general universal bundles do 
not exist on our moduli spaces of stable bundles. Actually, they only exist when the invariants are coprime 
to each other. In order to solve this problem, we will work again at the Quot scheme level -because in 
these schemes we have universal families of vector bundles- and afterwards we carry our construction 
to the moduli spaces of coherent systems via descent lemmas. In this case, we assume that the type is 
n = (ni, n — k — ui). We can consider two different subcases: 
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7.2.1. The case when ni ^ ^{n — k). We work again at the Quot scheme level. Using the notations of 
Section [6l let Qi be the corresponding Quot schemes, and Rf the open set of Qi of stable points. Let // 
be the morphism from Rf to A^j. In this situation, there exist universal bundles U? on Rf x X. 

In this case we only have two strata, these are and '^sSn- We describe first As we have done 
earlier, we are able to construct a universal extension in the usual sense at the Quot scheme level. To 
this end, consider the projections : Rf x R2 x X ^ Rf x R2 and pf : Rf x R2 ^ Rf for i = 1, 2. Let 
be the sheaf 

n^tiJf'omiip'^ X idxyul{p\ X idxYUi)). 
Let be the projectivization of W. Let t:%:¥{W)^ Uf x and let p^^j^s) -.^iW) x X -^¥{W) 

be the projection. We are again in the hypotheses of Remark 12. IH so there exists a vector bundle J-'^ 
over P(7^'') x X and an exact sequence 

Q^{tt%x idxTipl X idxTUl®p;^T_^s)Op{l) ^ {tt'p x idxfipl x ^ 0, (50) 

which is universal in the sense of the projective version of Proposition 12.101 
Taking the dual of ([50]): 

^ (^f, X idxT{pi X idxTUl^ ^ T'"^ ^ (vr|, x idxTipl x idxTUf^ 

and then TV'p^^^-j^s-^^ we have 

^ 7^Vp{7^-)*(v^|, X idxYipl X idxYU^" ^ 7^Vp{7^«)*^' 



Op{-l) ^ 0, 



(51) 



^ 7^V(w«)*(v^p X idxYipl x idxY'^l 
To simplify this extension, we introduce the following diagram 



P¥CH'>) 



X X 



n\xnixx 



n\ X ni 



pfxidx 



Pi 



Op(-l) ^0. 



TZf X X 



7^f 



Using again the base change formula we have 

7^lpp(H.)*(^|> X idxYipt X idxYut^ = t^'YpT^^^M!^ 

so the extension ([5T]) is 

Consider now the set W^^ := {(ei,e2,e) where (61,62) G T^f x 7^1 aiid e G '^(^{ei 62))}' Consider the 
Grassmann bundle of /c-planes of the bundle TZ^pf(^}{s-j^,J^^'^ , let Gr{k,TZ^pf,^-)^B-^^T^'^). For every point 



(52) 



w £ Ws^ we define the following determinantal variety 

:= {vr G Gr(A:,7eV(W.)*-^''')- : dim (vr n (7^Kp|*7^V|,^/| 



^ A:(l 



ni 



n 



:)}• 



Let := U^gt^g^ Vw Q \lweWe„ G^i^''^^PF(n^)*^'''^)w, this is a family of determinantal varieties. 

Now, from the proofs of Proposition 16.51 and Proposition 16.1^ (i), we have that ¥{Ti.'^)/PGL(Ni) x 
PGL{N2) is a projective fibration over AI1 x M2- Because the scheme Vg^ is closed and invariant under 
the action of PGL{Ni) x PGL{N2), using Kempf's descent Lemma, V£-„ descends to a projective scheme 
over F{n^)/PGL{Ni) x PGL{N2), which we cah V£:„. If we denote by V|^^ the complement of Vs„ in 

H Gi{kXpn'H^)*:F'^)w/PGL{Ni) X PGL{N2), 



MODULI SPACES OF COHERENT SYSTEMS 



29 



we have the foUowing 

Theorem 7.5. The stratum is identified with V|^. 

Proof. This follows from the previous construction and Theorem 14.61 □ 

Regarding the stratum one may consider the universal bundle (pf x idx)*Ui © (pI ^ idxYl^i 

over i?^ X i2| X X. Consider the Grassmann bundle of /c-planes of the bundle TZ^qlUpl ^ idx)*U(^ © (p^ x 
idxTU^^), let Gr'^^ii := Gr(A;, 7^lg|((pf x idxTU(^ © (pi x idxTU^^))- For every point u; = (ri,r2) G 
-Rf X R2 we define the determinantal varieties 

:= {vr G Grf - : dim (vr n //^(Z^f ^ - ^)}, 

and 

:= {vr G Grf- : dim (vr n ^ Ml " ^^^^^)}- 

Let := LI (Ki u yj) c u weWxR?, ") this is again a family of determinantal varieties. 

Using a descent argument, Vse„ descends to a closed scheme over A^i x A^2, which we call Vs£„- If 'we 
denote by V^^-^^ the complement of V^^^ in U^g/j^xi?! ^''^w " / PGL{Ni) x PGL{N2),we have the following 

Theorem 7.6. The stratum Ws£„ is identified with V^^;^^. 

7.2.2. The case when ni = ^{n — k). For £n and S£n the construction is the same as before. For iS^ and 
SS'j^, we only do the construction in the case in which the invariants are coprime, the remaining cases 
follow easily from the forthcoming construction and the previous one. 

We do first "^s^- We need a "universal" extension, but in this case, as we saw in Paragraph 16.281 it does 
not exist. To solve this problem, in Theorem l6.29l we proved the existence of a family (ep)pgp of extensions 
of q'p*{pi X idxTV by q'p*{p2 x idx)*V^p'p*Op{l) over P = P(^xti,(A'*(p2 x idx)*V, A'*(pi x idx)*V)*) 
which is universal in the sense of 12.81 

This means that we have a local universal family of extensions, instead of the universal extension that 
we were allowed to construct in the case of the stratum induced by £n- We denote Aloo = So as 
we did in the case of £n, we consider the set W := {{m,h) : m £ M and h G F{Tl^q'^A'*J^om{{p2 x 
idxYV, (pi X idx)*'P)m)}- For every point w G W we have an extension 

^ F' (g) Op{l)m -^F^F' ^0, 

taking the dual and iJ* we get 

^ H^F"") ^ H\F'') ^ H\F''') ® Op{-l)m ^ 0. 
We define the following variety 

:= {vr G Gv{k, H^iF'')) : dim{7T n H^F''')) ^ 

and let V^^ := W.^^^V^ C W^^^Qr{KR\F'^)). 
Theorem 7.7. The stratum is identified with Vi, . 

Regarding the stratum "^ss'^' '^^ have the universal bundle (pi x idx)*V © (p2 x idx)*V over ^A x X. 
For every m £ Ai, each / G defines a morphism of vector bundles 



Q ^ Q®Q, 



30 



CRISTIAN GONZALEZ-MARTfNEZ 



where Q = V\{^}^x- Taking the dual and we get H^{f^) : H^{Q'^) H^{Q^) ^ H^Q"^). We then 
define the following variety 

Vj, := {vr G GT{k, H' {Q'') ® H\Q'')) : dim (vr n ker /^H^ )) > |}, 

and let V^^^ := U(/,„^)gPixA^ vi ^ U(/,,n)epi xA4 Gr{k,H\Q'') H\Q^)). 
Theorem 7.8. The stratum '^se'^ identified with Vg^i ■ 

Remark 7.9. Using the construction above we see that one may describe the varieties corresponding to 
our strata at the Quot scheme level as locally trivial fiber bundles (in the Zariski topology). For instance, 
if we look at the stratum , this is isomorphic to the descended variety corresponding to W^,^ by the 
morphism 

f! X fi : m X nl -^Mix M2. 

The variety Ws^ is isomorphic to a locally trivial fibration (in the Zariski topology) over the projective 
fibration P(7^^), over TZ^ x 7^^ that appears in the proof of Proposition 16. 5[ The fiber of our locally trivial 
fiber bundle is = V^, that is the complement of V = Vw in Gr{k,TZ^pp(T-is^^,T^'^)u, = Gr{k,d + (n — 
k){g — 1)). Moreover, both fibrations are invariant for the action of PGL{Ni) x PGL{N2). For the rest 
of the strata one gets the same sort of description. 

7.3. Irreducibility of the strata. In this subsection we will prove that the strata we have defined 
earlier in this paper are irreducible. 

Theorem 7.10. The strata described in Definition \ 7. 1\ are irreducible. 

Proof. The irreducibility condition for comes directly from Proposition 14.51 The argument we use 
to prove that the rest of our strata are irreducible is the same for every stratum so we prove it for the 
simplest case. In Proposition 16.14] (i) we proved that when ni ^ ^{n — k) the space £"„ is isomorphic to 
a projective bundle over A^i x of constant dimension. Now, because A^i x M2 is irreducible, we 
have that £n is also irreducible. By Theorem 17.51 we have defined an open family of extensions within 
hence this family is again irreducible and maps into Giin, d, k). Its image is irreducible and is identified 
with We^. □ 

8. HODGE-POINCARE POLYNOMIALS 

We use Deligne's extension of Hodge theory which applies to varieties which are not necessarily compact, 
projective or smooth (see |Dlj . |D2j and [D3j ). We start by giving a review of the notions of pure Hodge 
structure, mixed Hodge structure, Hodge-Deligne and Hodge-Poincare polynomials under these general 
hypotheses. 

Definition 8.1. A pure Hodge structure of weight m is given by a finite dimensional Q-vector space Hq^ 
and a finite decreasing filtration F'p oi H = Hq C 

HZ)...dFPd...D (0), 

called the Hodge filtration, such that H = FP®F'^-p+'^ for all p. When p+q = m, if we set = FPfiF^, 
the condition H = F^ © pm-p+i £q], p ij^iplies an equivalent definition for a pure Hodge structure. 
That is, a decomposition 

if= HP'i 

p+q=m 
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satisfying that H^''^ = HI'P, where H'^'P is the complex conjugate of H'^'P. The relation between the two 
equivalent definitions is the following: Given a filtration {i^^}p we obtain a decomposition by considering 
jjp,q ^ FPDF^. Given a decomposition {iJ^'^jp g, this defines a fihration as above by PP = 0i>p i?*'™"*. 

The n-cohomology group of a smooth projective variety H^(X) carries a pure Hodge structure of weight 
n. If denote the complex of holomorphic differential forms, and ($7^)-^ is the subcomplex of forms of 
degree greater than or equal to p. One has that H"'{X,C) = 'E.{X,Q,^). The role of the Hodge filtration 
is played here by the following filtration. 

8.2. A morphism of Hodge structures is a map /q : Hq — > H'^ such that fc{FPH) C FPR' for all p, 
where fc = Iq'SiC and FPR is the pt/i-element in the Hodge filtration of H. When the Hodge structures 
have the same weight, /q strictly preserves the filtration, that is 

lm{fc)nFPH' = fciFPH). 

It is also known that for a given weight, the pure Hodge structures form an abelian category. 

Definition 8.3. A mixed Hodge structure consists of a finite dimensional Q-vector space Hq, an increasing 
filtration Wi of Hq, called the weight filtration 

... CWi C... C Hq, 

and the Hodge filtration FP oi H = Hq (g) C, where the filtrations FPGr^ induced by FP on 

GrY = (WiHq/Wi^iHq) C = WiH/Wi^iH 
give a pure Hodge structure of weight /. Here FPQr^ is given by 

{WiH r\FP + Wi-iH)/Wi-iH. 

8.4. A morphism of type (r, r) between mixed Hodge structures, Hq with filtrations Wm and FP, and 
Hq with Wl and F"^, is given by a linear map 

L : Hq ^ Hq 

satisfying L{Wm) C I^m+2r L{FP) C F'p^"^ . Any such morphism is then strict in the sense that 
L{FP) = F'P^^ n Im(L), and the same for the weight filtration. 

Definition 8.5. A morphism of type (0,0) between mixed Hodge structures, is called a morphism of 
mixed Hodge structures. 

Our main interests in this paper are the cohomology groups H^{X,Q^) of a complex variety X which 
may be singular and not projective. Deligne proved that these groups carry a mixed Hodge structure 
(see |Dlj , |D2| and [D3] ) . Associated to the Hodge filtration and the weight filtration we can consider the 
quotients GrJ^ = Wi/Wi_i of Definition [O and for the Hodge filtration Gr'^pGrf = FPGrf / FP+^Grf . 
Deligne also proved that the cohomology groups with compact support, we denote them by H^{X), carry 
a mixed Hodge structure (see |D1] , [D2| and [D3| ) . We can then define the Hodge-Deligne numbers of X 
as follows 

Definition 8.6. For a complex algebraic variety X, not necessarily smooth, compact or irreducible, we 
define its Hodge-Deligne numbers as 

hP'^{H^,{X)) = d\mGr^pGr^^^H^iX). 
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We may introduce the following Euler characteristic 

x;,,{X) = Y.^-lfhP^%H'AX)). (53) 

k 

We write Xp,q{X) for the Euler characteristic ()53p of H^{X). Then under the hypothesis of X being 
smooth of dimension n, Poincare duality tells us that 

Xl^qiX) = Xn-p,n-q{X). 

We are now ready to define the Hodge-Deligne polynomial. 

Definition 8.7 ( |DK| ). For any complex algebraic variety X, we define its Hodge-Deligne polynomial 
(or virtual Hodge polynomial) as 



Danilov and Khovanskii ( |DK| ) observed that TC{X){u, v) coincides with the classical Hodge polynomial 
when X is smooth and projective. Note that under these hypotheses, the mixed Hodge structure on H^{X) 
is pure of weight k, so 

r^Wrrk(Y\ - I ^^'W if m = k. 
Gr^H,{X)-^ if m/fe. 

Then 

niX){u, v) = Y, hP'''{X)uPv\ (54) 

where W''^{X) = hP'^{HP^'^(X)) are the classical Hodge numbers of X and (|54p the classical Hodge 
polynomial. 

We may define another polynomial using the Euler characteristic Xp,q{X) for rational cohomology 
groups without compact support. As we have already said Deligne proved that these groups carry a 
mixed Hodge structure with the usual given associated filtrations. 

Definition 8.8. For a complex algebraic variety X, not necessarily smooth, compact or irreducible, we 
define its Hodge-Poincare numbers as 

hP'i{H''{X)) = dimGr^Gr^gif'=(X). 
We are ready now to define the Hodge-Poincare polynomial. 
Definition 8.9. For any complex algebraic variety X, we define its Hodge-Poincare polynomial as 

HP{X){u,v) = '^i-'^T^''Xp,g{^)u'"^'^ = '^{-lT^'^^''hP''^{H''{X))uPv''. 

p<i p,q,k 

Remark 8.10. When our algebraic variety X is smooth, Poincare duality gives us the following functional 
identity relating Hodge-Deligne and Hodge-Poincare polynomials 

n{X){u,v) = {uvf"^^^ ■ HP{X){u'\v~^) (55) 

where dime X denotes the complex dimension of X. 

Let 6^(X) = dimi7'=(X) be the /c-Betti number of the variety X and let Pxit) = Y.kb^{X)t'' be its 
Poincare polynomial. If X is not only smooth, but also projective, the Betti numbers of X satisfy 

b^{X) = hP''i{H''{X)) (56) 

p+q=k 
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SO that 



Px{t) =Y,b\X)t^ = n{X){t,t) = HP{X){t,t). 



(57) 



k 



Hodge-Deligne polynomials are very useful because of their very nice properties. Now we introduce 
some results that will be very helpful to do our computations. In |Duj Durfee proved that if X = UjXj 
and Y = Ujli are smooth projective varieties that are disjoint unions of locally closed subvarieties, such 
that Xi = Yi for all i, then X and Y have the same Betti numbers. Using the properties of Hodge-Deligne 
polynomials, in particular their relation with virtual Poincare polynomials, one may prove that this is 
also true for the Hodge numbers of X and Y. Here we are using the following extension of Durfee's result 

Theorem 8.11 ( |MQVl| . Theorem 2.2). Let X be a complex variety. Suppose that X is a finite disjoint 
union X = UjXj, where Xi are locally closed subvarieties. Then 



Another result from [MOVl] that will be useful for our computations when we are dealing with fibrations 

is 

Lemma 8.12 ( jMUVlj . Lemma 2.3). Suppose that tt : X ^ Y is an algebraic fiber bundle with fiber F 
which is locally trivial in the Zariski topology, then 



In this paper we consider varieties acted on by algebraic groups. Then, we need a cohomology the- 
ory that captures all the information given by the action of the group. Namely equivariant cohomol- 
ogy. Hodge-Poincare polynomials can be extended to analogous polynomials for equivariant cohomology 
groups. We shall call this new series the equivariant Hodge-Poincare series. 

If X is an algebraic variety acted on by a group G, consider EG — > BG a universal classifying bundle 
for G, where BG = EG/G is the classifying space of G and EG is the total space of G. We form 
the space X Xq EG which is defined to be the quotient space of X x EG by the equivalence relation 
(x, e ■ g) ~ {g ■ x,e). Then, the equivariant cohomology ring of X is the following 



Although EG and BG are not finite-dimensional manifolds, there are natural Hodge structures on their 
cohomology. This is trivial in the case of EG. Deligne proved that there is a pure Hodge structure on 
H*{BG) and that HP''i{H*{BG)) = for p / g (see p53] §9). We may regard EG and BG as increasing 
unions of finite-dimensional varieties {EG)m and {BG)m for m > 1 such that G acts freely on [EG)m 
with {EG)m/G = {BG)m and the inclusions of {EG)m and {BG)m in EG and BG respectively induce 
isomorphisms of cohomology in degree less than m which preserve the Hodge structures. In the same 
way X Xq eg is the union of finite-dimensional varieties whose natural mixed Hodge structures induce 
a natural mixed Hodge structure on H'^(X Xq EG). Using that we have the following 

Definition 8.13. We define the equivariant Hodge-Poincare numbers of X as 



n{X){u,v)=Y,nX^){u,v). 



n{x){u,v) = n{F){u,v) 



n{Y)iu,v). 



H*a{X) = H*{X xgEG). 




(X) = hP'^iR'^iX XgEG)). 



We are ready now to define the equivariant Hodge-Poincare series. 



34 



CRISTIAN GONZALEZ-MARTfNEZ 



Definition 8.14. For any complex algebraic variety X acted on by an algebraic group G, we define its 

equivariant Hodge-Poincare series as 

HPg{X){u,v) = ^{-l)P+''+''h''^'^''\x)uPv''. 

p,q,k 

8.15. Suppose now that G is connected. The relationship between cohomology and equivariant cohomol- 
ogy is accounted for by a Leray spectral sequence for the fibration 

X XgEG ^ BG (58) 

whose fiber is X. The £'2-term of this spectral sequence is given by iiJg''^ — H^iX) ®H^{BG) which abuts 
to HP^^^X). This spectral sequence preserves Hodge structures. 

If X is a nonsingular projective variety that is acted on linearly by a connected complex reductive 
group G, one has that the fibration (|58p is cohomologically trivial over Q (see [KJ Theorem 5.8). Then 

H^{X) ^ H*{X) (g) H*{BG). (59) 

This isomorphism is actually an isomorphism of mixed Hodge structures ( [D3j 8.2.10). In order for 
fibration (j58p to be cohomologically trivial it is not necessary to have so strong a condition for our variety 
X. For instance, if the variety X has cohomology groups of (p,p) type only, one can easily check that 
the Leray spectral sequence in this case implies that (Bp+q=mE2''' = Hq{X). This is the case of varieties 
such as complex affine spaces or those that admit a decomposition as a union of cells. An example of the 
latter is the Grassmannian. 

We have another fibration, that is 

X xqEG^ X/G 

with fiber EG. When G acts freely on X, that is the stabilizer of every point is trivial, then it induces 
the isomorphism 

H*{X xg EG) ^ H* (X/G) . (60) 

Hence, if X is finite-dimensional and G acts freely on it, HPg{X){u,v) is a polynomial. 

We need the following result from |GM| for future computations. 

Lemma 8.16. Let Y ^ Z be a locally trivial fibration in the Zariski topology with fibre F, and such that 
it is compatible with respect to the action of the group G that acts on Y and Z respectively. Assume that 
Y and Z are smooth varieties. Then 

HPg{Y){u,v) = HPg{Z){u,v) ■ HP{F){u,v). 

We are ready now to compute the Hodge-Deligne polynomials of our strata. In the rest of the section 
we will describe how we can do it for the case in which we have two components in the type we use to 
define the stratification. When n = {ni,n — k — ui), we proved that the stratum can be described as a 
complement of a determinantal variety. Our strategy could be understood by looking at what happens 
at the stratum Wg^ when ni ^ ^{n — k). The remaining cases are analogous. 
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Theorem 8.17. Using the notations of Subsection \7.2l the stratum W£„ for the type n = (ni, n — k — ui) 
has the following Hodge-Poincare polynomial 

HP{W£j{u,v) = HP{M{ni,di)){u,v) ■ HP{M{n -k- ni,d - di)){u,v) 



(uv 



|ni-(n-fc-ni)-(g-l) 



I — UV 



(1 — uv) • . . . • (1 — (uv)'') 



""^^'^■^ n - ..... (1 - (uv)^-^) 



(I - uv) ■ . . . ■ (I - {uv)'^-i^) 

M=rfc(l-;7i)l 

(1 - ■ ... ■ (1 - {uvy) 

{1 - uv) ■ . . . ■ {I - {uv)^') 

where N = d + {n — k){g — 1) and j = d — di + {n — k — ni){g — 1). The numbers di and d — di must 
satisfy the following identity: 

di d — di 
ni n — k — ni 

Proof. In Remark 17.91 we saw that Ws„ may be described as a locally trivial fiber bundle (in the Zariski 
topology) over P(7^'^), where ¥{7i^) is the projective fibration over TZf x T^.^ that appears in the proof of 
Proposition 16.51 with fiber the complement of V, we denote it by V^, in Gr{k, d + {n — k){g — 1)). We also 
saw that both fibrations are PGL{Ni) x P(jrL(A''2)-invariant, for certain Ni and A''2. Note that ¥'[71^) is 
actually a projective fibration with fiber the projective space of dimension (ni)(n — k — ni){g — 1) — 1. 
We label N = h^{F^) = d + {n — k){g — 1) . Using then Lemma [8. 161 we have that 

HPPGL{N,)^PGL{N,){W£^){U,V) = HPpGL(N,),,PGLiN,){nn')){u,v) ■ HP{V'){u,v) = (61) 

= HPpGLiN,)xPGLiN,)in X 7^i)(u,^;)FP(P"-("-'=-"^)■(^'-l)-l)(n,^;) • HP{V'^){u,v). 

Now, the varieties Wg^ and TZf x T^^ ^re closed under the action of PGL{Ni) x PGL{N2). This group is 
connected and the action is actually free then the stabilizers are trivial. Then we may apply paragraph 
IHT^ We obtain that identities ^ and ^ hold, then 



H*PGLiN,)y.PGLiN,)(Ws,_,) = H*{WejPGL{N,) X PGLiN2)) = H*{We^ 



and 



H*PGL{m)>,PGL{N,)in X n) = H*{1Z\ X ni/PGL{Nr) x PGLiN^)) = 

^ H*{M{ni,di) X M{n-k-ni,d-di)) ^ 
^ H*{M{ni,di)) H*{M{n -k- ni,d-di)), 

using Kiinneth formula. These are isomorphisms of mixed Hodge structures, so induce the following 
identity of Hodge-Poincare polynomials 

HPpGL{N,)>cPGLiN,){WeJ{u,v) = HP{WeJ{u,v) 

and 



HPpGL{N,)xPGLiN2)iT^l X n'2){u,v) = H P{M{ni, di)){u, v) ■ HP{M{n -k-m.d- di)){u,v). 
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Now, the Hodge-Poincare polynomial of the projective space is HP{¥^){u,v) = ^ i^^y — for every n. 
Substituting these in (|6ip one obtains the following identity of Hodge-Poincare polynomials 

HP{W£jiu,v) = 



HP{M{ni,di)){u, v) ■ HP{M{n -k-ni,d- di)){u, v) 



I _ (^y^y'jni-{n-k-ni)-{g-l) 



1 — UV 



HP{V^){u,v) 



Regarding HP{V'^){u,v), the variety V = Vw where w is a point in Ws^ := {(ei,e2,e) where (ei,e2) G 
7^1 X 7^1 and e E F{?i1^^^ e2))j' ^^i^S notations of Subsection I7.2i The variety V is actually independent 
of the point w and is equal to 



V = V^:={TTe Gr(A;,7eV(W.),^^^)^ : dim (vr n (vrfTpfTeVl^^/f )^) ^ A;(l 



n — k 



let (vrffpf 7^^7r|^^|^)^« = H\Q)i) and j = h^{Q), ) = d - di + {n - k - ni){g - 1). Analogously we denote 
7^J>pf*7^l7rf^WfV Op{-l) = H^{F^) and h^{F^) = ni{g - 1) + di. Then y can be written as 

mm{fc,j} 

JJ {vr G Gr(A:,iV) : dim(7rn/fnQ2)) = /"}> (62) 

and denote V^" := {vr G Gr{k,N) : dim (vr n H^{Q2)) = /u} for integers /i between [A;(l - and 
min{/c, j}. 

For every /i, the variety is isomorphic to a fibration over Gr(A; — fi, N — j) x Gr(/i,j) with fibre 
Then, we have the following identity of Hodge-Deligne polynomials 



v) = n{GT{k -is,N- j))iu, v) ■ W(Gr(^,i))(n, v) ■ n{d^-^^^^'^^){u, v). 



(63) 



Now, from Remark 18.101 one has that HP{V^){u,v) = {uvf''^^^"n{V^)iu-\v-^ ). Using now Theorem 
18.111 and applying again the previous identity relating Hodge-Poincare and Hodge-Deligne polynomials, 
we obtain 



HP{V^){u,v) = {uv 



.dime V' 



niv')iu~',v-') 



(64) 



(uv 



.dime V 



min{fc,j} 



(uv) 



dime 



niGiik,N)){u-\v-^ 

(uv)-'^'"'':^'^'''^^HP{Gr{k,N)){u,v)- 

HP{GT{k-fi,N-j)){u,v) 



~k(N-k)+^i(N-k-j+fj,) 



■ HP{GT{fi,j)){u, v) ■ i7P(C(^-^)('=-^))(u, v) 



The Grassmannian Gr(A;, A^) is a smooth projective variety. Note that the Hodge-Poincare polynomial 
of the Grassmannian, HP(Gi{k, N)){u,v), is rather simple. The cohomology of the Grassmannian is 
integral, hence only types {p,p) occur. This fact implies that the identity ()56p is in this case the following 



b'^P{Giik,N)) = hP'P{H^P{Gr{k,N))) 
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SO 



HP{Gv{k,N)){n,v) = J2hP'''{H'^{Gv{k,N)))nPvP = ^ ,7 ^ , ' \ ^ (65) 

^ (1 — uv) • . . . • (1 — [uv)'') 

Moreover, the variety is open in Gi{k,N) then they have the same dimension. In addition, it is not 
difficult to see that HP{C^){u,v) = 1 for all m. Substituting these in (p4|) . we get 



(1 — uv) • . . . • (1 — {uvY) 
ivf_ 

{l-uv)- ...-{I - [uvY-^") 



{1 - {uvy-f''^^) ■ . . . ■ {I - (uvy) 
{1 - uv) ■ . . . ■ {1 - (uvy) ■ 

Then we conclude. □ 



Remark 8.18. Regarding the Hodge-Poincare polynomial of the moduli space of stable bundles of rank 
n and degree d not everything is known. For {n,d) = 1, the expression for HP{Ai{2,d)){u,v) can be 
deduced from Peter Newstead's article [Nlj . although it did not appear written out in this paper. The 
first time that this appeared in the literature is in the article [Baj by S. del Baho Rollm. In [EK] R. 
Earl and F. Kirwan give an inductive formula for the Hodge-Poincare polynomials of this moduli spaces, 
and in particular they compute it explicitly for some cases with rank different to 2. When (n, d) 7^ 1 the 
Hodge-Deligne polynomial Ti.{M{2, d)){u,v) where A4{2,d) is the moduli space of stable vector bundles 
of rank 2 and even degree, has been recently computed by Muhoz et al. (see |M0V2] Theorem 5.2) using 
its relation with certain moduli spaces of triples and by myself in [GMj . 

8.1. Explicit computations for n — k = 2. Under this hypothesis we see that our coherent systems 
{E, V) of type (n, d, k) are coming from BGN extensions whose quotient bundle F has rank 2. Then the 
subbundles Qi and Q2 are actually line bundles, hence the type in this case is n = (ni ,n — k — ni) = (1,1). 
Bearing in mind the equality of the slopes, the degrees satisfy that di = d/2 = d — di. Using the notations 
of Definition 17. H we have the following decomposition 

GL(n, d, k)=W^U We^ U We,^ U Wse^ U Ws^'^. (66) 

Here is the open stratum and classifies the coherent systems coming from a BGN extension of quotient 
being stable. The stratum classifies the cases in which the quotient bundle is the bundle in the middle 
of an extension of the following type 

(67) 

that is a nonsplit extension and the line bundles L and L' are nonisomorphic. In the same fashion y^/^ 
classifies the cases in which (I67p satisfies that L = L' . The varieties '^sSn ^-nd ^^ss'^ ^ before but for 
the bundle F being split. 

We have two different cases, either [n — k,d) = (2, d) = 1 or (n — k, d) = (2, d) 7^ 1. The computations 
for these cases are done in the following theorems. 
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Theorem 8.19. The Hodge-Deligne polynomial of the moduli space GL{n, d, k) for {n — k,d) = (2, d) = 1 



IS 



HiGUn, d, k)){u, v) =(1 + n)9(l + 



(1 + u'^v^ii + uv^y - u3v9{i + uy{i + vy 



(1 — uv){l — v^v"^) 

(1 - (n7;)2(9-l)+'^-fe+l) ..... (1 - (n7;)2(9-l)+'i) 

(1 — uv) • . . . • (1 — (uf )*■■) 



Proof. Using Proposition 14.51 we have that when {n — k,d) = 1, then '^se„, and '^s£'„ 

empty and 0^(71, d,k) is actuaUy a Grassmann fibration on A4{n — k,d) with fiber the Grassmannian 
Gi{k,d+ (n — k){g — 1)). Using now Lemma 18.121 we get that 



n{GL{n, d, k)){u, v) = n{Gr:{k, d + 2{g- l)))(n, v) ■ n{M{2, d)){u, v). 



We aheady know what 7^(Gr(A:, d+2{g — l))){u, v) looks hke, the computation appears in ([651) . Regarding 
7{{Ai{2, d)){u, v) , for d odd, using Lemma 3 and Corohary 5 of [EK] we get that 



niMi2, d)){u, v) = {l + uYil + vy ■ 



(1 + u^vy{i + uv^y - u3v9{i + uy{i + v) 

(1 — uv){l — v?v'^) 



so we conclude. 



□ 



Theorem 8.20. The Hodge-Deligne polynomial of the moduli space GL{n, d, k) for (n — k,d) = (2, d) 7^ 1 
is 



H{GL{n, d, k)){u, v 



-[2(1 + uy{i + vy{i + u'^vyii + uv^) 



2(l-'ut;)(l-n2i;2) 
■ (1 + n)23(l + vf9(^l + 2u3+^vS+^ - u\^) - (1 - u^il - v^il - uvf]- 
(1 - (uf ..... (1 - (nt>)2(9-i)+'^) 

(1 — uv) • . . . • (1 — [uvy) 
+ {{i + uf^n + vfa -{i + uyn + vy) 



-+ 



— ^ — '- — + (1 + uy{i + vy 



+ 



1 — UV 1 — UV 

(1 - (ut;)2(9-l)+rf-^'+l) ..... (1 - {uvfi9--^)+d) 



mm{fc,(g-l)+|} 

^ (U • y)A'W2+(s-l)-fc+M) 



(1 — uv) • . . . • (1 — {uv)^) 

(1 - (uv)d/-2+{9-l)-k+i^+l^ ..... (1 - 



(1 - nu) • . . . • (1 - 



(1 - [uvy3-l)+d/2-^.+l^ ..... (1 - 

(1 - nt>) • . . . • (1 - {uv)^') 
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^(1 + n)2f (1 + vf3 + _ ^y^i _ y-iy _ (1 _ + u)9(i + 



min{fe,(g-l)+|} 



(1 - (nz;)'i/2+(ff-l)-fc+A'+l) ..... (1 - 

(1 - nu) • . . . • (1 - (to)'^-/^) 



(1 - (uz;)(9-l)+'^/2-A'+l) ..... (1 - 

(1 - uu) • . . . • (1 - {uvY) 

v + vf3 + }_(^l_uy{l- 
(l _ (^^)rf/2+{g-l)-fc/2+l)2 ..... (1 _ (^^)rf/2+g-l)2n 



+ 



^(1 + uf3{i + ^)29 + i(l - n2)S(l - _ (1 _ (1 + + (1 + uv)){l + + 



{l-uvY ■ ...-{l-iuvf/y^ 



when k is even, and 

n{GL{n,d,k)){u,v) 



-[2(1 + uy{i + vy{i + + uv^^ 



2(1 -nt>)(l -u2t)2)' 
(1 + uf^l + (1 + 2tz9+i7;3+i - u\^) - (1 - tz2)3(l - v^il - uvf]- 



(1 - (uvf^9-i)+d-k+i^ ..... (1 - (n7;)2(9-i)+'^) 
(1 — uv) ..... (1 — (uv)'') 



+ 



+ 



((1 + U)25(l + vf9 _ (1 + ^)9(l + ^)9) IJH + (1 + u)9{l + vy ■ ^ ' + 



+ i(l + tx)29(l + + ^(1 - U^il - vy 



1 — UV ' ' ' ' 1 — uv 

(1 - (n?j)2{9-i)+rf-fe+i) ..... (1 - (nz;)2(9-i)+'^) 



mm{fc,(g~l)+|} 



g-l)-k+fi} . 



(1 — uv) ..... (1 — (uv)'') 

(1 - (ut,)"'/2+{9-l)-'=+^^+l) ..... (1 - (nf)'^/2+g-l) 

(1 - nu) ■ . . . ■ (1 - {uv)''-^') 



(1 - (nt,)(9-l)+'^/2-/^+l) ..... (1 - {uvY9-l)+d/2^ 

(1 - lit;) ..... (1 - {uvY) 

^(1 + 'U)29(l + vfa + ^(1 - - - (1 - H(l + + 



mm{fc,{s-l)+f} 
(1 - (ut,)(9-l)+««/2-A'+l) ..... (1 - (uv)(f-l)+'^/2) 



(1 - (^xt;)'^/2+(9-l)-'=+M+l) ..... (1 - (nt>)'^/2+9-l) 

(1 - nu) • . . . . (1 - {uv)'^-^') 



(1 - ..... (1 - (nt!)^') 
w/zen A; is odd. 

Proof. Applying Theorem 18.111 to ()66p we obtain the following identity 

niGLin,d,k))iu,v) = 

= n{W^){u,v)+U{WeJ{u,v)+H{We>J{u,v)+n{Wes^)M 

As we did in the proof of Theorem l8.19l Proposition 14. 51 tells us that when (n, d,k) = 1, W"^ is a Grassmann 
fibration on 7V1(n — fe, d) with fiber the Grassmannian Gr(/c, (i+(n — A;) (^r — l)). Here, {n — k,d) = {2,d) ^ 1 
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then the Grassmann fibration is constructed at the Quot-scheme level since there is no a Poincare bundle 
over A4{2,d) (see [BG2j . Proposition 4.4). This fibration at the Quot-scheme level is locally trivial in the 
Zariski topology, then, if we denote the corresponding set of stable points and W the set corresponding 
to W^, at the Quot-scheme level, from Lemma 18.161 we have that 

HPpGLiN){W){u,v) = HP{Giik,d + 2{g - imu,v) ■ HPpGLiN){Rn{u,v). 

The action of PGL{N) on W and W is free, then 

HP{W^){u, v) = HP{Gi{k, d + 2{g- l))){u, v) ■ HP{M(2, d)){u, v). 

Moreover, by Theorem 17.21 (c) we have that is smooth, applying Remark 18. 101 we get that 

n{W^){u,v) = n{GT{k,d + 2{g - l))){u,v) ■ n{M{2,d)){u,v), 

where H{M.{2, d)){u, v) is the Hodge-Deligne polynomial of the moduli space ^A{2,d) of stable vector 
bundles of rank 2 and even degree. This can be found in |M0V2j . Theorem 5.2. The polynomial is 

n{M{2, d)){u, v) =— ^ — ^[2(1 + uy{i + vy{i + u\y{i + uv'y- 

2(1 — uv)[l — w^v^) 

- (1 + n)29(l + vfs^l + 2u3+^vS+^ - u^v^) - (1 - n2)9(l - t;2)9(l _ uvf\ 

then we obtain 

n{w^){u, v) =— 1 — ^[2(1 + uy{i + vy{i + u\y{i + uv^- 

2(1 — uv){l — w^v^) 

- (1 + uf3(i + ^f9(i + 2u3+^vS+^ - u^v^) - (1 - n2)f (1 - v^Yil - uvf]- 

(1 - {uv)'^^3-l)+d-k+l^ ..... (1 - {uvf^9--^)+<^) 

(1 — uv) ..... (1 — (uv)^) 

In order to compute H{WsJ{u, v), n{Ws'J{u, v), n{Wes^[u, v) and UiW^sO^^^ 'v) we use TheoremEIZl 
These cases are easier. We do not need to take into account the action of a group, because we can do the 
construction as complements of determinantal varieties at the moduli space level. 

Note that we can describe our strata as locally trivial fiber bundles (Remark 17. 9p . The fiber is the 
complement in a Grassmannian of a union of certain varieties as one can see in the proof of Theorem 
18.171 The base space in the different locally trivial fiber bundles is the space classifying the different 
types of extensions that can appear in the case we are dealing with, see Proposition I6.14[ We use here 
the notation of Section 17. 2[ 

Let En be the space that parametrizes the extensions 

that are nonsplit and such that the line bundles L and L' are nonisomorphic. Let £"4 be the space that 
parametrizes the extensions as above where L = V . 

Now, and we can describe as locally trivial fiber bundles over 8n and 8'^ respectively (Remark 
17. 9p . The fiber is the same in both cases (see Theorems 17.51 and 17. 7p and this is given in Theorem 18.171 
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Then 



H{We^){u,v) +'H{Ws>J{u,v) = {n{£n){u,v)+n{£^){u,v))- 

■(1 - ..... (1 - {uvf^S-l)+d^ 



(1 — uv) 

mm{fc,(g-l)+|} 



• (1 - {uv)>') 

,W2H9-l)-k+,) . (1 - (n^;)'^/2+(^-l)-^+/^+l) ..... (1 - 



(1 - nv) • . . . • (1 - 



(1 - (ni,)(9~i)+««/2-/^+i) ..... (1 - (u^;)(3-i)+'^/2) 
{1 - uv) ■ . . . ■ {1 - {uvY) 

We saw in Proposition 16. 141 (ii) that £"„ is a projective bundle over Jac^^^^X x Jac'^/^X \ A, where A is 
the diagonal in Jac^^'^X x Jac'^^'^X, with fiber the projective space of dimension g — 2. The Hodge-Deligne 
polynomials of the Jacobian and the projective space are: 

1 - (u?;)"+i 



n{Jac^X){u, v) = {l+ uy{l + vy and H(P")(u, v) 
for every degree 6. Then, using Lemma 18.121 we get 



I — uv 



(68) 



n{£n){u, v) = ((1 + uf'^il + vY^ - (1 + n)3(l + vY) 



2g 



[uv 



1 — UV 

Again, by Proposition 16.14] (ii) is a projective bundle over Jac'^^^X with fiber the projective space 
of dimension g — 1, so its Hodge-Deligne polynomial is 

1 - {uvY 



ni£:,){u,v) = {i+uni+vr 



1 — uv 



For the spliting cases, S£t parametrizes the split extensions 

where L and L' are nonisomorphic line bundles of the same degree d/2. By Paragraph 16.171 these are 
classify by (Jac'^/^X x Jac'^/^X \ A)/(Z/2) where Z/2 is acting on Jac'^/^jf x Jac'^/^X \ A by permuting 
the two factors. When M is a smooth projective variety, Muhoz et al. (see |M0V2| Lemma 2.6), compute 
the Hodge-Deligne polynomial of (M x M)/(Z/2), this is 

n{{M X M)/ {Z/2)) iu,v) = ^{n{M){u,v)^ +niM){-u'^,-v'^)). 
Combining the latter and Theorem 18.111 we obtain 

n{S£n)iu,v) =n(^iJac'^^^X X Jac'^/^X\A)/{Z/2)yu,v) = 

(1 + 'u)29(l + v)^9 + (1 - u^il - v^ 



(l + 'u)^ (1 + ^)5. 



The stratum '^s£„ can be identified with a locally trivial fibration over S£n where the fiber can be 
described as follows. In Theorem 17.61 we saw that for every point w = (L, L') G Jac'^/^X x Jac'^/^X \ A 
we define the determinantal varieties 



and 



:= {n G Gr(A:, 2{g - I) + d) : dim {n n H^L"")) ^ -}, 



:= {vr G Gr(A:, 2{g - I) + d) : dim (vr n H^L'')) ^ -}. 
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Then, for every point w = {L, L') G S£n the fiber of the bundle is the complement in Gr(/c, 2{g 

1) -\- d) oi \J . Note that this does not depend on w. 
Prom (1621) we have that V}, can be written as 



min{A:,g-l+d/2} 

]J G Gr(A:, 2{g - 1) + d) : dim [tt n H\L"^)) = /i}, 

M=rfc/2] 

and the same is true for V^. We denote V/" := {vr G Gr(/c,2(c/ - 1) + d) : dim (vr n H^{L'^)) = ^] for 
integers /i between [A:/2] and m.va.{k,g — 1 + d/2}. Analogously for V2 ■ 

By ([63]) the varieties V^'* are isomorphic to a fibration over Gr(/c — /x, 17 — 1 + (i/2) x Gr(/x, g — 1 + (i/2) 
with fibre c(s-i+'^/2-M){fc-A') . Then 

rL{Vt){u, v) = n{Gi(k -fi,g-l + d/2)){u, v) ■ H(Gr(^, g-l + d/2)){u, v) ■ n{C^3-^+^/^-^'^^''^^'^){u, v). 

Note that the varieties Vf" may have non-empty intersection. That would be only possible when k is 
even, in that case nV^ C V^^"^ , and n is parametrized by 

Gr(A:/2,5 - 1 + d/2) x Gr(/c/2,c/ - 1 + (i/2). 

Then, the Hodge-Deligne polynomial of 'Wse^ is given by 

n{1^se^{u, v) = niS£n){u, v) ■ [n{Gi{k, 2{g - 1) + d)){u, v) - 'H{V^){u, v) - n{V^){u, v)+ 



+ 'H{V^r^V^){u,v)] =H{S£n){u,v) 

mm{fe,(g-l)+f} 



- 2 



{u-v) 



^(d/2+{g-l)-k+ti) 



(1 - {uvf^9-l)+d-k+l^ ..... (1 - (tXT;)2(9-l)+««) 

(1 — uv) ..... (1 — {uv)^) 

(1 - (uvfl'^+^9-l)-k+^i+l) ..... (1 _ (^^)rf/2+3-l) 



2 



(1 - lit;) ..... (1 - (to)^-A') 



+ 



+ 



(1 - (ni;)(9-l)+««/2-/^+l) ..... (1 - {uv)^9-l)+d/2^ 

(1 - lit;) ..... (1 - (nu)^) 

(1 - (u„)d/2+(g-l)-fc/2+l)2 ..... (1 _ (^^)d/2+g-l)2 



(1 



when k is even, and 



(1 - (uz;)*^/2)2 

(l_(^,^;)2(5-l)+rf-fe+l). 



. (1 - (nz;)2(9-i)+'i) 



min{fc,(g-l)+f} 



(~r!i 



(n • 



(1 — uv) ..... (1 — {uv)^) 

,m+i9-l)-k+,) . (1 - (H^/2+(.-l)-^'+A^+l) ..... (1 - [uvY/^+9~l) 



(1 - to) ..... (1 - (nu)^-^') 



(1 - (n?j)(9-i)+^/2-M+i) ..... (1 - (to)(^'-i)+'^/2) 



(1 - to) ..... (1 - (to)^) 
when k is odd. 

Finally, the space S£'^ parametrizes the split extensions in which the bundle in the middle is the direct 
sum of two copies of the same line bundle of degree d/2. These are classified by Jac^'/^X. 

The stratum "^58'^ can be identified with a locally trivial fibration over S£'^ where the fiber can be 

described as follows. For every point w = (L, /) G Jac'^'^^X x we define the determinantal variety 
V[ := {-K G Gi{k,2{g - I) + d) : dim (vr n ker //i(/^)) ^ ^}. 
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For every we define a new variety Wl as a locally trivial fibration over P-^, vr : Wl — > 

whose fiber at a point / € is 7r~^({/}) = v[. Then, Wggi can be identified with a locally trivial 

fibration over S£'^ whose fiber at a point L G S£'^ = Jac'^/^X is Gr(/i;, 2{g -l) + d)\ Wl- Note that Wl 
does not depend on L. We denote = Wl- Then, by Theorem 18.111 and Lemma 18.121 one has that 



nWse'Jiu, v) = n{S£'J{u, v) ■ (n{Gv{k, 2{g - 1) + d)){u, v) - n{W){u, v)) 
= n{Jac'^/^X){u, v) ■ {n{Gv{k, 2{g - 1) + d)){u, v) - n{W){u, v)) = 

" [I - (uvf^9-l)+d-k+l^ ■ .... (1 - {uvf^9-l)+d^ 



(69) 



(1 — uv) • . . . • (1 — (uv)^) 
Regarding 7i{W){u,v), from Lemma 18.121 and (j68p we have that 

H{W){u,v) =n{F^){u,v) ■n{Vl){u,v) = (l + uv) ■n{vl){u,v). 

Now, from ([62]) one gets 

mm{k,g-l+d/2} 



n{w){u,v) 



vi-.- 



(70) 



(71) 



^i=[k/2■] 



where {vIY = {vr G Gi{k,2{g - 1) +d) : dim [TrHker H^{f"^)) = fi}. By ([63]) the variety {vIY, for every 
fi, is isomorphic to a fibration over Gr(/c — fi,g-l + d/2) x Gr (/u, g — 1 + d/2) with fibre C'^^"-'^"'"''/^"'^^^^"'') . 
Then 

H{{VlY){u,v)=H{Gr{k-^l,g-l + d/2)){u,v)■n{GI{^l,g-l + d/2)){u,v)■n{C^^^ 

If we fix L G Jac'^/^X and we allow / G P^ to vary, one has that the varieties {(V^)'^}/ may have 
non-empty intersection. That would be only possible when k is even. Note that for k even it could be 
possible to find a vr G GT{k,g-l + d/2) such that dimvrnker //^(Z"^) = k/2 and dimvrnker ff^(5r'^) = k/2 
and vr = (vr n ker //^(Z"^)) © {-k H'keT H^{g'^)) for some f,g G P^. Note also that if such an / exists, then 
there is at most one g that satisfies the conditions above. Let / := {vr G GT{k,g — 1 + d/2,) such that 
dim7rnkeri?i(/^) = k/2 and dimvr n ker ^^^(5^) = k/2 and vr = (vr n ker ^^(/V)) {-n f^kei {g"^ )) for 
some f,g G P^}. Then, / is parametrized by 

(pi X pi \pi) X Gi{k/2,g - l + d/2) x Gr(A;/2,c/ - l + d/2). 
Hence, the Hodge-Deligne polynomial of W is 

n{w){u,v) = n(F^){u,v) ■n{vl){u,v) -n{i){u,v) = {i + uv) ■ n{vl){u,v) - n{i){u,v) = (72) 

. min{fe,g-l+d/2} 



(1 + uv) 



(l + uv) 



n{i){u,v) 



^ niivl)'^)iu,v) 

/i=fc/2 
min{fc,g-l+d/2} 

^ n{GT{k - ^l,g - 1 + d/2)){u,v) ■n{Gv{fi,g - 1 + d/2)){u,v)- 

H=k/2 

( [H{¥^){u, v)] ' - W(P^)(tx, t;)) [ • 7i(Gr(A;/2, g-l + d/2)){u, v)] ' 



+d/2-fi)(k-n) 



){u,v) 



when k is even, and 

n{W){u,v) = n(F^){u,v) ■n{V[){u,v) = {l+uv)-'H{V[){u,v) 



(73) 



44 



CRISTIAN GONZALEZ-MARTINEZ 



(l + uv) 



(1 + uv) 



mm{k,g-l+d/2} 

J2 n{{vlr){u,v) 

min{A;,g-l+(i/2} 

^ H{GT{k-fi,g-l + d/2)){u,v)-n{GT{fi,g-l + d/2)){u,v) 



n 



-l+d/2-fi){k-fj.) 



){u,v) 



when k is odd. 

Then, from ([69]) and ([72]) the Hodge-Dehgne polynomial of is given by 

(1 - {uvf^s-i)+d-k+i^ ..... (1 - (n?j)2(f-i)+'^) 



min{fc,{g-l)+f} 



,1 + 



(1 — uv) • .... (1 — (uv)^) 
.l)-k+^) (1 - (ut;)'^/2+(9-l)-fc+M+l) ..... (1 - {uv)'^/^+3-l) 

(1 - to) ..... (1 - (nu)'^-^') 



(1 - (^,i;)(9-l)+'i/2-M+l) ..... (1 - (ni;)(9-l)+'^/2) 

(1 - to) ..... (1 - (nt>)^) 



+ 



+ {{1 + uvf - (1 + to)) 



(1 - (uvf/2H9'l)+k/2+1^2 ..... (1 _ (^^)d/2+g-l)2 



(1 - to)2 ..... (1 - (to)'=/2)2 

when k is even, and from ([69p and ([73p one obtains 

"(1 - (TO)2(s-l)+'i-fc+l) ..... (1 - (TO)2{f-l)+^) 



7^(r5^0(n,t-) = (l + n)^(l + t;) 



min{fc,(g-l)+f} 



'1 + to) 



E 



(u • v) 



(1 — to) • .... (1 — (uv)^) 

,m+i9-l)-k+,) . (l-(TO)'^/2+to-l)-W) ..... (1 - (to)'^/2+^-1) 



(1 - to) ..... (1 - (to)'^-^') 



(1 - (u^;)(9-l)+'^/2-M+l) ..... (1 _ (ut,) 



(3-l)+d/2^ 



(1 - to) ..... (1 - (to)^) 
when k is odd. 

Summing up all the previous polynomials together we obtain the result. 



□ 



Remark 8.21. Note that for given {n,d,k) satisfying that (n — k,d) = {2,d) ^ 1 and k being odd, one 
immediately obtains that {n,d,k) = 1. Under this condition, the moduli space of a^-stable coherent 
systems, GL{n,d,k), is projective, smooth and irreducible (see |KNj and Proposition 14. 5p . Then, from 
remark 18.101 one can obtain the usual Poincare polynomial of Gi(n, d, /c) just by knowing its Hodge- 
Deligne polynomial. Hence, the second formula of Theorem 18.201 allows us to compute the Poincare 
polynomial of Gi(n, d, k) when (n, d,k) = 1 and (n — k,d) = (2, d) ^ 1. 

Acknowledgements. Acknowledgements to be written. 

References 

[BGl] S. B. Bradlow and O. Garci'a-Prada, "A Hitchin-Kobayashi correspondence for coherent systems on Riemann surfaces", 

J. London Math. Soc. (2) 60 (1999), 155-170. 
[BG2] S. B. Bradlow and O. Garcia-Prada, "An application of coherent systems to a Brill-Noether problem", J. Reine 

Angew. Math. 551 (2002), 123-143. 



MODULI SPACES OF COHERENT SYSTEMS 



45 



[BGMN] S. B. Bradlow, O. Garci'a-Prada, V. Mufioz and P. E. Newstead, "Coherent Systems and Brill-Noether theory", 

Intemat. J. Math. 14 (2003), 683-733. 
[BGMMN] S. B. Bradlow, O. Garci'a-Prada, V. Mercat, V. Mufioz and P. E. Newstead, "On the Geometry of the Moduh 

Spaces of Coherent Systems on Algebraic Curves", Intemat. J. Math. 18 (2007), 411-453. 
[BGMMN2] S. B. Bradlow, O. Garci'a-Prada, V. Mercat, V. Mufioz and P. E. Newstead, "Moduh spaces of coherent systems 

of small slope on algebraic curves", preprint 2007, arXiv:0707:0983. 
[BGN] L. Brambila-Paz, I. Grzegorczyk and P. E. Newstead, "Geography of Brill-Noether loci for small slopes", J. Algebraic 

Geom. 6 (1997), 645-669. 

[Ba] S. del Bafio Rollfn, "On the Motive of Moduli Spaces of Rank Two Vector Bundles over a Curve" Compositio Math. 
131, Number 1, (2002), 1-30. 

[DK] V. I. Danilov and A. G. Khovanskii, "Newton polyhedra and an algorithm for computing Hodge-Deligne numbers". 

Math. USSR Izvestiya 29 (1987) 279-298. 
[DN] J.-M. Drezet and M. S. Narasimhan, "Croupe de Picard des varietes de modules de fibres semi-stables sur les courbes 

algebriques" , Invent. Math. 97 (1989), no. 1, 53-94. 
[Dl] P. Deligne, "Theorie de Hodge I", Actes du Congres international des Mathematiciens (Nice, 1970), Gauthier-Villars, 

(1971), 1, 425-430. 

[D2] P. Deligne, "Theorie de Hodge 11", Publications Mathematiques de I'lHES 40, (1971), 5-57. 
[D3] P. Deligne, "Theorie de Hodge III", Publications Mathematiques de I'lHES 44, (1974), 5-77. 

[Du] A. Durfee, "Algebraic varieties which are a disjoint union of subvarieties" , Lectures notes m Pure Appl. Math 105, 

(1987), 99-102, Marcel Dekker. 
[EK] R. Earl and F. Kirwan, "The Hodge numbers of the moduli spaces of vector bundles over a Riemann surface", Q. J. 

Math. 51 (2000), No. 4, 465-483. 

[G] R. Godement, "Topologie algegrique et theorie des faisceaux", Hermann, Paris (1958). 

[GH] P. Griffiths and J. Harris, "Principles of algebraic geometry", John Wiley and Sons, New York (1978). 
[CM] C. Gonzalez-Martinez, "The Hodge-Poincare polynomial of the moduli spaces of stable vector bundles over an algebraic 
curve", preprint. Available at 'http://arXiv.org/abs/0809.0287vl , 

[H] R. Hartshorne, "Algebraic Geometry", Graduate Text in Mathematics 52, Springer- Verlag, New York (1977). 

[K] F. Kirwan, "Cohomology of quotients in symplectic and algebraic geometry". Mathematical Notes, 31. Princeton Uni- 
versity Press, Princeton, NJ, 1984. 

[KN] A. King and P. E. Newstead, "Moduh of Brill-Noether pairs on algebraic curves", Intemat. J. Math. 6 (1995), 733-748. 
[L] H. Lange, "Universal Families of Extensions" , J. of Algebra 83 (1983), 101-112. 

[LNl] H. Lange and P. E. Newstead, "Coherent systems of genus 0", Intemat. J. Math. 15 (2004), 409-424. 
[LN2] H. Lange and P. E. Newstead, "Coherent systems on elliptic curves", Intemat. J. Math. 16 (2005), 787-805. 
[LN3] H. Lange and P. E. Newstead, "Coherent systems of genus H: Existence results for fc > 3", Intemat. J. Math. 18 
(2007), 363-393. 

[LN4] H. Lange and P. E. Newstead, "Coherent systems of genus III: Computations of flips for k — 1" , Intemat. J. Math., 
to appear. 

[LePl] J. Le Potier, "Faisceaux semi-stables et systemes coherents". Vector Bundles in Algebraic Geometry, Durham 1993, 
ed. N. J. Hitchin, P. E. Newstead and W. M. Oxbury, LMS Lecture Notes Series 208, 179-239, Cambridge University Press, 
1995. 

[LeP2] J. Le Potier, "Lectures on Vector Bundles", Gambridge Studies in Advanced Mathematics 54, Cambridge University 
Press, 1997. 

[Me] V. Mercat, "Le probleme de Brill-Noether pour des flbres stables de petite pente", J. Reine Angew. Math. 506 (1999), 
1-41. 

[Mu] S. Mukai, "An Introduction to Invariants and Moduli", Gambridge Studies in Advanced Mathematics 81 (2003). 
[MOVl] V. Mufioz, D. Ortega and M. J. Vazquez-Gallo, "Hodge polynomials of the moduli spaces of pairs". Intemat. J. 
Math. To appear 2007. 

[M0V2] V. Mufioz, D. Ortega and M. J. Vazquez-Gallo, "Hodge polynomials of the moduli spaces of triples of rank (2,2)". 
Preprint 2007. 

[Nl] P. E. Newstead, "Characteristic classes of stable bundles of rank 2 over an algebraic curve". Trans. Amer. Math. Soc, 
169 (1972), 337-345. 

[N2] P. E. Newstead, "Introduction to moduli problems and orbit spaces". Tata Institute of Fundamental Research, Lectures 
on Mathematics and Physics, 51. New Delhi, (1978). 



46 



CRISTIAN GONZALEZ-MARTINEZ 



[NR] M. S. Narasimhan and S. Ramanan, "Deformation of the moduli space of vector bundles over an algebraic curve", 

Ann. of Math. (2) 101 (1975), 391-417. 
[R] S. Ramanan, "The moduli spaces of vector bundles over an algebraic curve". Math. Ann. 200 (1973), 69-84. 
[RV] N. Raghavendra and P.A. Vishwanath, "Moduli of pairs and generalized theta divisors", Tdhoku Math. J. 46 (1994), 

321-340. 

[S] C. S. Seshadri, "Fibres vectoriels sur les courbes algebriques" , Asterisque 96 (1982). 

Department of Mathematics, Tufts University, Bromfield-Pearson Building, 503 Boston Avenue, Med- 
FORD, MA 02155, USA. 

E-mail address: c . gonzalez-martinezOhotmail . com 



